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Empirical Bayes

Key idea:

→ Bayesian inference with a
data-driven prior

Core strength:

→ automatic regularization (shrinkage)

→ borrows strength across groups to
improve estimates

In practice:

→ strong empirical performance

→ often yields tuning-free procedures

→ applies beyond “Bayesian-looking”
problems
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Part I: An EB Approach to Distribution Estimation

Y. Han, J. Niles-Weed, Y. Shen, Y. Wu

Besting Good–Turing: Optimality of Non-Parametric Maximum Likelihood for
Distribution Estimation
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Probability estimation

Given a sample X1, . . . ,Xn drawn from a distribution p⋆ = (p⋆
1 , . . . , p

⋆
k ), estimate these

probabilities.

Working example:

→ estimate the word frequency of a corpus based on a sample

→ think both n and k are large
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Most common approach

Empirical frequency:

p̂i ∝ Ni = the number of times ith element occurs.

This is the maximum likelihood estimator (MLE).

Advantages:

→ interpretable, used everywhere

→ optimal statistical guarantee in the worst case

Issues:

→ smoothing needed for unseen or rare elements

→ in practice, use Laplace smoothing: p̂i ∝ Ni + 1

→ need to tune the smoothing parameter, oversmoothing (later)
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Toy example: Safari preparation

Empirical frequency:

p̂ =
1

5
, p̂ = p̂ =

2

5

What’s the catch?
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Toy example: Safari preparation

Empirical frequency:

p̂ =
1

5
, p̂ = p̂ =

2

5

→ Need to be cautious with unseen or
unlikely symbols, hence the proverbial
“Here be lions”

→ In NLP, it is crucial to ensure estimates
are positive to generalize beyond
existing corpus
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Good–Turing

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 
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p̂i ∝ (Ni + 1)

# symbols appearing once more

# symbols appearing same time

→ mysterious/ingenious

→ much better performance than Laplace etc

→ widely used in language modeling, speech recognition, genomics, etc

→ requires modification to be usable, e.g. use empirical for frequent symbols [Church-Gale

’95]

→ practical issues: hard to tune hyperparameters, sensitive performance, interpretability

Yanjun Han (NYU) Empirical Bayes and Pretraining 8



Good–Turing

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 

Biometrika 40 16 

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 

Biometrika 40 16 

p̂i ∝ (Ni + 1)
# symbols appearing once more

# symbols appearing same time

→ mysterious/ingenious

→ much better performance than Laplace etc

→ widely used in language modeling, speech recognition, genomics, etc

→ requires modification to be usable, e.g. use empirical for frequent symbols [Church-Gale

’95]

→ practical issues: hard to tune hyperparameters, sensitive performance, interpretability

Yanjun Han (NYU) Empirical Bayes and Pretraining 8



Good–Turing

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 

Biometrika 40 16 

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 

Biometrika 40 16 

p̂i ∝ (Ni + 1)
# symbols appearing once more

# symbols appearing same time

→ mysterious/ingenious

→ much better performance than Laplace etc

→ widely used in language modeling, speech recognition, genomics, etc

→ requires modification to be usable, e.g. use empirical for frequent symbols [Church-Gale

’95]

→ practical issues: hard to tune hyperparameters, sensitive performance, interpretability

Yanjun Han (NYU) Empirical Bayes and Pretraining 8



Good–Turing

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 

Biometrika 40 16 

THE POPULATION FREQUENCIES OF SPECIES AND THE 

ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 

A random sample is drawn from a population of animals of various species. (The theory may also be 
applied to studies of literary vocabulary, for example.) If a particular species is represented r times 
in the sample of size N, then r / N is not a good estimate of the population frequency, p, when r is small. 
Methods are given for estimating p, assuming virtually nothing about the underlying population. 
The estimates are expressed in terms of smoothed values of the numbers n, (r= 1, 2, 3, ...), where n, 
is the number of distinct species that are each represented r times in the sample. (n, may be described 
as 'the frequency of the frequency r'.) Turing is acknowledged for the most interesting formula in this 
part of the work. An estimate of the proportion of the population represented by the species occurring 
in the sample is an immediate corollary. Estimates are made of measures of heterogeneity of the 
population, including Yule's 'characteristic'and Shannon's 'entropy '. Methods are then discussed that 
do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
quite the wrong value for Yule's characteristic. An example of this is Fisher's fit to some data of 
Williams's on Macrolepidoptera. 

1. Introduction. We imagine a random sample to be drawn from an infinite population of 
animals of various species. Let the sample size be N and let n, distinct species be each 
represented exactly r times in the sample, so that 

-
rn, = N. 

r=l  

The sample tells us the values of n,, n,, ...,but not of no. In fact it is not quite essential that 
no should be finite though we shall find it convenient to suppose that it is. 

We shall suggest a method of estimating, among other things, 
(i) the population frequency of each species; 
(ii)the total population frequency of all species represented in the sample, or, as we may 

say, 'the proportion of the population represented by (the species occurring in) the sample '; 
(iii)various general population parameters measuring heterogeneity, including 'entropy '. 

By 'general' parameters we mean parameters defined without reference to any special form 
of hypothesis. I n  $7 we shall consider the estimation of parameters for hypotheses of special 
forms. 

Our results are applicable, for example, to studies of literary vocabulary, of accident 
proneness and of chess bpenings, but for definiteness we formulate the theory in terms of 
species of animals. 

The formula (2) was first suggested to me, together with an intuitive demonstration, by 
Dr A. M. Turing several years ago. Hence a very large part of the credit for the present 
paper should be given to him, and 1am most grateful to him for allowing me to publish this 
work. 

Reasonably precise conditions under which our general results are applicable will be given 
in $4, but we state a t  once that the larger is n, the more applicable the results. When n, is 
large, no will also be large, but we shall not for the most part attempt to estimate it. There 
will be a fleeting reference to the estimation of no a t  the end of $ 5  and a few more references 
in $$7 and 8. (See, for example, equation (73).) For populations of known finite size, the 

Biometrika 40 16 

p̂i ∝ (Ni + 1)
# symbols appearing once more

# symbols appearing same time

→ mysterious/ingenious

→ much better performance than Laplace etc

→ widely used in language modeling, speech recognition, genomics, etc

→ requires modification to be usable, e.g. use empirical for frequent symbols [Church-Gale

’95]

→ practical issues: hard to tune hyperparameters, sensitive performance, interpretability

Yanjun Han (NYU) Empirical Bayes and Pretraining 8



Good–Turing
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ESTIMATION OF POPULATION PARAFETERS 


BYI. J. GOOD 
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do depend on assumptions about the underlying population. I t  is here that most work has been done 
by other writers. I t  is pointed out that a hypothesis can give a good fit to the numbers r~,but can give 
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A real-data experiment

→ Hamlet: 28,799 words in total and 4,804 distinct

→ Randomly sample 10%, estimate the word frequency

→ Kullback–Leibler (KL) loss:

KL(p⋆∥p̂) ≜
∑
i

p⋆
i log

p⋆
i

p̂i

→ KL against uniform: 2.94 bits

Yanjun Han (NYU) Empirical Bayes and Pretraining 9



Results

Estimator KL Risk (bits)

Empirical frequency ∞

Original Good-Turing ∞
Laplace 0.6231
Braess-Sauer 0.4719
Modified Good-Turing 0.2732
New estimator (NPMLE) 0.2513
Oracle 0.2462

→ Worst-case risk is too crude to be a useful benchmark
→ Minimax risk ≍ k

n
and ( 1

2
+ o(1)) k

n
if n ≫ k, but here n ≈ 2k/3

→ Laplace is rate-optimal; Braess–Sauer achieves sharp constant 1
2

→ Need a meaningful instance-dependent benchmark – oracle risk (later)
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True vs fitted word frequency

0 10 20 30 40 50 60 70
Number of Occurrences

10 4

10 3

10 2

Pr
ob

ab
ilit

ie
s

Modified Good Turing
Original Good Turing
NPMLE
Laplace

Nclown = 9, p̂clown = 0.0027

Nheaven = 8, p̂heaven = 0.0059

→ original GT is unstable

→ modified GT lacks interpretability (not monotone)

→ Laplace is over-discounted
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Lessons so far

On the theory side:

→ instance-wise as opposed to minimax optimality
→ competitive framework and oracle estimator
→ adapt to latent structure in the data

On the practical side:

→ interpretability: positive, monotone, and smooth estimates

→ computational efficiency

→ tuning parameter free

Yanjun Han (NYU) Empirical Bayes and Pretraining 12
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Oracle and Proposed Approach



Oracle

Any reasonable estimator should be permutation invariant (PI), i.e., invariant to
relabeling:

p̂ ◦ π = π ◦ p̂, for all permutation π ∈ Sk

The best PI estimator (known as the PI oracle) knows the true distribution p⋆ but must
be PI:

p̂PI = argmin
p̂: PI

E[KL(p⋆∥p̂)]

What is the PI oracle?p⋆
1

...
p⋆
k

 random permutation−−−−−−−−−−−→

p1
...
pk

 statistical model−−−−−−−−→

N1

...
Nk


Mathematically,

p̂PI
i = EΠ⋆ [pi | Nk ],
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Approximating the oracle

Recall that p̂PI
i = EΠ⋆ [pi | Nk ] with Π⋆ being a random permutation of (p⋆

1 , . . . , p
⋆
k )

→ Π⋆ is high-dimensional, dependent, and unknown

Wishful thinking: mean-field approximation

→ pretend as if Π⋆ were an i.i.d. distribution

→ in that case, EΠ⋆ [pi | Nk ] ≈ EG⋆ [pi | Ni ], where G⋆ = 1
k

∑k
i=1 δp⋆j is the marginal

distribution of Π⋆

This is empirical Bayes!

→ we pretend that p1, . . . , pk ∼ G⋆ are drawn from a prior

→ we aim to estimate G⋆ from histogram counts (N1, . . . ,Nk)
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Proposed algorithm

Step 1: Use NPMLE [Kiefer-Wolfowitz ’56] to learn the prior G⋆:

Ĝ = argmax
G∈P(R+)

k∑
i=1

log fG (Ni ),

where fG is the marginal pmf of Ni in the 1-D Bayes model pi ∼ G ,Ni | pi ∼ Poi(npi ).

Step 2: Apply the learned Bayes rule:

p̂NPMLE
i ∝ posterior mean of pi given Ni under learned prior pi ∼ Ĝ .

The final estimator is:

→ computationally cheap (solve by Frank–Wolfe [Lindsay’83] or discretization
[Koenker-Mizera’14, Koenker-Gu’17])

→ free of tuning parameters

→ monotone, smooth, and positive, all thanks to Bayes form
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Empirical Bayes interpretation

Proposed approachGood-Turing
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Theory



Competitive framework

→ Introduced by Orlitsky–Suresh in their 2015 NIPS best paper:

Competitive Distribution Estimation:
Why is Good-Turing Good

Alon Orlitsky
UC San Diego

alon@ucsd.edu

Ananda Theertha Suresh
UC San Diego

asuresh@ucsd.edu

Abstract

Estimating distributions over large alphabets is a fundamental machine-learning
tenet. Yet no method is known to estimate all distributions well. For example,
add-constant estimators are nearly min-max optimal but often perform poorly in
practice, and practical estimators such as absolute discounting, Jelinek-Mercer,
and Good-Turing are not known to be near optimal for essentially any distribution.
We describe the first universally near-optimal probability estimators. For every
discrete distribution, they are provably nearly the best in the following two com-
petitive ways. First they estimate every distribution nearly as well as the best
estimator designed with prior knowledge of the distribution up to a permutation.
Second, they estimate every distribution nearly as well as the best estimator de-
signed with prior knowledge of the exact distribution, but as all natural estimators,
restricted to assign the same probability to all symbols appearing the same number
of times.
Specifically, for distributions over k symbols and n samples, we show that for
both comparisons, a simple variant of Good-Turing estimator is always within KL
divergence of (3 + on(1))/n1/3 from the best estimator, and that a more involved
estimator is within Õn(min(k/n, 1/

√
n)). Conversely, we show that any esti-

mator must have a KL divergence at least Ω̃n(min(k/n, 1/n2/3)) over the best
estimator for the first comparison, and at least Ω̃n(min(k/n, 1/

√
n)) for the sec-

ond.

1 Introduction

1.1 Background

Many learning applications, ranging from language-processing staples such as speech recognition
and machine translation to biological studies in virology and bioinformatics, call for estimating large
discrete distributions from their samples. Probability estimation over large alphabets has therefore
long been the subject of extensive research, both by practitioners deriving practical estimators [1, 2],
and by theorists searching for optimal estimators [3].

Yet even after all this work, provably-optimal estimators remain elusive. The add-constant esti-
mators frequently analyzed by theoreticians are nearly min-max optimal, yet perform poorly for
many practical distributions, while common practical estimators, such as absolute discounting [4],
Jelinek-Mercer [5], and Good-Turing [6], are not well understood and lack provable performance
guarantees.

To understand the terminology and approach a solution we need a few definitions. The performance
of an estimator q for an underlying distribution p is typically evaluated in terms of the Kullback-

1

→ Regret = excess risk over the PI oracle

Reg(p̂) = sup
p⋆

E
[
KL(p⋆∥p̂)− KL(p⋆∥p̂PI)

]
.

→ Regret compares the risk of an algo with the oracle risk on an instance-dependent
basis, going beyond the (often conservative) minimax framework

Yanjun Han (NYU) Empirical Bayes and Pretraining 19



Competitive framework

→ Introduced by Orlitsky–Suresh in their 2015 NIPS best paper:

Competitive Distribution Estimation:
Why is Good-Turing Good

Alon Orlitsky
UC San Diego

alon@ucsd.edu

Ananda Theertha Suresh
UC San Diego

asuresh@ucsd.edu

Abstract

Estimating distributions over large alphabets is a fundamental machine-learning
tenet. Yet no method is known to estimate all distributions well. For example,
add-constant estimators are nearly min-max optimal but often perform poorly in
practice, and practical estimators such as absolute discounting, Jelinek-Mercer,
and Good-Turing are not known to be near optimal for essentially any distribution.
We describe the first universally near-optimal probability estimators. For every
discrete distribution, they are provably nearly the best in the following two com-
petitive ways. First they estimate every distribution nearly as well as the best
estimator designed with prior knowledge of the distribution up to a permutation.
Second, they estimate every distribution nearly as well as the best estimator de-
signed with prior knowledge of the exact distribution, but as all natural estimators,
restricted to assign the same probability to all symbols appearing the same number
of times.
Specifically, for distributions over k symbols and n samples, we show that for
both comparisons, a simple variant of Good-Turing estimator is always within KL
divergence of (3 + on(1))/n1/3 from the best estimator, and that a more involved
estimator is within Õn(min(k/n, 1/
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Yet even after all this work, provably-optimal estimators remain elusive. The add-constant esti-
mators frequently analyzed by theoreticians are nearly min-max optimal, yet perform poorly for
many practical distributions, while common practical estimators, such as absolute discounting [4],
Jelinek-Mercer [5], and Good-Turing [6], are not well understood and lack provable performance
guarantees.

To understand the terminology and approach a solution we need a few definitions. The performance
of an estimator q for an underlying distribution p is typically evaluated in terms of the Kullback-

1

→ Regret = excess risk over the PI oracle

Reg(p̂) = sup
p⋆

E
[
KL(p⋆∥p̂)− KL(p⋆∥p̂PI)

]
.

→ Regret compares the risk of an algo with the oracle risk on an instance-dependent
basis, going beyond the (often conservative) minimax framework
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Competitive framework

→ Introduced by Orlitsky–Suresh in their 2015 NIPS best paper:

Competitive Distribution Estimation:
Why is Good-Turing Good

Alon Orlitsky
UC San Diego

alon@ucsd.edu

Ananda Theertha Suresh
UC San Diego

asuresh@ucsd.edu
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“Why is Good-Turing good” [Orlitsky-Suresh ’15]

Upper bound

A modified Good–Turing estimator p̂MGT achieves

Reg(p̂MGT) = Õ

(
min

{
k

n
,

1√
n

})
where Õ hides logarithmic factors.

Lower bound

For any estimator p̂,

Reg(p̂) = Ω

(
min

{
k

n
,

1

n2/3

})

→ GT is highly competitive, with uniformly vanishing regret even if k ≫ n

→ Open question: Is it possible to outcompete GT?
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Main theory

Theorem (H.–Niles-Weed–Shen–Wu ’25)

→ Competitive optimality of NPMLE:

Reg(p̂NPMLE) = Õ

(
min

{
k

n
,

1

n2/3

})
meeting the information-theoretic lower bound.

→ Competitive suboptimality of Good–Turing: regardless of tuning parameters

Reg(p̂MGT) = Ω̃

(
min

{
k

n
,

1√
n

})
.

Remarks:

→ NPMLE is competitively optimal, while Good–Turing is not

→ NPMLE frequently beats Good–Turing in practice
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One bit of proof

θ⋆1
...
θ⋆k

 random permutation π−−−−−−−−−−−−→

θ1
...
θk



noisy channel Pθ(·)−−−−−−−−−−→

N1

...
Nk



→ clearly (θ1, . . . , θk) are far from independent

→ main observation: their noisy version are close to independent [H.–Niles-Weed ’24, H.–Liang

’25]:

dist

(
1

k!

∑
π∈Sk

k∏
i=1

Pθ⋆
π(i)︸ ︷︷ ︸

Law(N1,...,Nk )

,
( 1
k

k∑
i=1

Pθ⋆i

)⊗k

︸ ︷︷ ︸
Law(N1)⊗···⊗Law(Nk )

)
is small independent of dimension

→ mean-field approximation error [H.–Niles-Weed–Shen–Wu ’25]:

dist(mean(Pθ1|N1
),mean(Pθ1|Nk )) ≤ dist(Pθ̃1|N1

,Pθ̃1|Nk︸ ︷︷ ︸
noisy interpolation

) ≪ dist(Pθ1|N1
,Pθ1|Nk )
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Experiments



A synthetic experiment
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Figure: KL risks for p⋆i ∝
√

|zi | with zi ∼ i.i.d. Cauchy and k = 10, 000
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More synthetic distributions
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(b) Zipf (α = 1).
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Figure: KL regrets for synthetic distributions.
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More real data

0.0 0.2 0.4 0.6 0.8 1.0
Sampling Ratio

0.000

0.005

0.010

0.015

0.020

0.025

Re
gr

et

NPMLE
Modified Good-Turing

(a) Hamlet (random).

0.0 0.2 0.4 0.6 0.8 1.0
Sampling Ratio

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

Re
gr

et

NPMLE
Modified Good-Turing

(b) LOTR (random).
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Figure: KL regrets for real data.
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Out-of-sample experiment

· · ·

Train Test

→ Train: compute NPMLE Ĝ on the entire Hamlet

→ Test: use this pretrained Bayes estimator to estimate word frequency of other 38
Shakespearean plays (sampling ratio 20%)
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Out-of-sample experiment

5 10 15 20
Average KL Regret 1e 3

Alls Well That Ends Well
Antony and Cleopatra

As You Like It
A Midsummer Nights Dream

Coriolanus
Cymbeline
Edward III

Henry IV Part 1
Henry IV Part 2

Henry V
Henry VIII

Henry VI Part 1
Henry VI Part 2
Henry VI Part 3

Julius Caesar
King John
King Lear

Loves Labours Lost
Macbeth

Measure for Measure
Much Ado About Nothing

Othello
Pericles Prince of Tyre

Richard II
Richard III

Romeo and Juliet
The Comedy of Errors

The Merchant of Venice
The Merry Wives of Windsor

The Taming of the Shrew
The Tempest

The Two Gentlemen of Verona
The Two Noble Kinsmen

The Winter's Tale
Timon of Athens
Titus Andronicus

Troilus and Cressida
Twelfth Night

NPMLE
Modified GT
Pretrained Bayes

→ Pretrained Bayes beats modified Good–Turing 32 out of 38 times

→ Even beats in-sample NPMLE 18 times
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Out-of-sample experiment

Text name Modified GT NPMLE Pretrained Bayes

Alls Well That Ends Well 0.0113 0.0060 0.0043
Antony and Cleopatra 0.0127 0.0067 0.0024
As You Like It 0.0129 0.0064 0.0056

.

.

.
.
.
.

.

.

.
.
.
.

Twelfth Night 0.0121 0.0061 0.0080

Fellowship of the Ring 0.0912 0.0897 0.2701

→ Bayes pretrained on Hamlet does not generalize to Fellowship of the Ring

→ This suggests the learned Ĝ captures useful stylistic information specific to a corpus
(e.g. vocabulary profile [Stamatatos ’09])

→ There is a theoretical foundation for pretrained Bayes! (Part II)
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Part II: Solving EB via Pretraining

N. Cannella, Y. Han, Y. Polyanskiy, and A. Teh

Universal priors: solving empirical Bayes via Bayesian inference and pretraining

arXiv:2602.15136

https://arxiv.org/abs/2602.15136


Pretraining

Previous approach to approximating EΠ⋆ [θn | X n]:

→ approximate Π⋆ by an i.i.d. distribution

→ estimate the marginal of Π⋆ from X n

A radical proposal: use EΠ[θ
n | X n] for a fixed (data-independent) prior Π

→ the dream: fix a prior once and for all so that Bayesian inference itself solves EB

Computation of EΠ[θ
n | X n] via pretraining: generate synthetic training batches

(θn,(1),X n,(1)), . . . , (θn,(M),X n,(M)) ∼ Π for M → ∞, and compute the ERM

argmin
f∈F

1

M

M∑
m=1

∥θn,(m) − f (X n,(m))∥22

→ F is chosen to be the class of transformers: sequence-to-sequence map, strong
expressive power, and PI
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TabPFN: a pretrained transformer on synthetic data
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TabPFN generalizes to unseen test datasets
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Evidence for EB pretraining

Numerical experiments for Poisson EB problems [Teh-Jabbour-Polyanskiy ’25]:

Dataset Robbins ERM NPMLE T24r L24r

NHL (all) −30.55 ± 6.55 1.46 ± 0.65 3.21 ± 0.92 3.46 ± 0.88 3.96 ± 1.12
NHL (defender) −19.54 ± 6.35 3.19 ± 1.32 6.48 ± 1.63 6.91 ± 1.71 7.54 ± 2.04
NHL (center) −49.89 ± 10.36 0.38 ± 0.82 3.44 ± 0.94 4.02 ± 0.99 4.32 ± 1.22
NHL (winger) −42.63 ± 7.58 0.76 ± 0.69 3.06 ± 0.87 3.44 ± 0.89 3.76 ± 0.99

MLB (batting) −59.66 ± 5.88 0.23 ± 0.18 1.25 ± 0.18 1.50 ± 0.16 1.44 ± 0.17
MLB (pitching) −40.81 ± 3.16 0.09 ± 0.14 1.21 ± 0.19 1.42 ± 0.18 1.38 ± 0.17

BookCorpusOpen −4.58 ± 0.43 9.38 ± 0.10 10.82 ± 0.11 9.43 ± 0.12 11.23 ± 0.21

Table: 95% confidence interval of the percentage improvement of RMSE over MLE.

→ pretrained transformers (T24r and L24r) outperform the NPMLE

→ pretrained transformers offer ∼ 100× speedup at inference time compared with the
NPMLE

Yanjun Han (NYU) Empirical Bayes and Pretraining 34



Evidence for EB pretraining

Numerical experiments for Poisson EB problems [Teh-Jabbour-Polyanskiy ’25]:

Dataset Robbins ERM NPMLE T24r L24r

NHL (all) −30.55 ± 6.55 1.46 ± 0.65 3.21 ± 0.92 3.46 ± 0.88 3.96 ± 1.12
NHL (defender) −19.54 ± 6.35 3.19 ± 1.32 6.48 ± 1.63 6.91 ± 1.71 7.54 ± 2.04
NHL (center) −49.89 ± 10.36 0.38 ± 0.82 3.44 ± 0.94 4.02 ± 0.99 4.32 ± 1.22
NHL (winger) −42.63 ± 7.58 0.76 ± 0.69 3.06 ± 0.87 3.44 ± 0.89 3.76 ± 0.99

MLB (batting) −59.66 ± 5.88 0.23 ± 0.18 1.25 ± 0.18 1.50 ± 0.16 1.44 ± 0.17
MLB (pitching) −40.81 ± 3.16 0.09 ± 0.14 1.21 ± 0.19 1.42 ± 0.18 1.38 ± 0.17

BookCorpusOpen −4.58 ± 0.43 9.38 ± 0.10 10.82 ± 0.11 9.43 ± 0.12 11.23 ± 0.21

Table: 95% confidence interval of the percentage improvement of RMSE over MLE.

→ pretrained transformers (T24r and L24r) outperform the NPMLE

→ pretrained transformers offer ∼ 100× speedup at inference time compared with the
NPMLE

Yanjun Han (NYU) Empirical Bayes and Pretraining 34



Why Pretraining Works



The statistical question

Statistical question

→ Why does a pretrained estimator under a fixed training distribution work for
arbitrary test distributions?

→ Specializing to EB settings, why can EΠ⋆ [θn | X n] ≈ EΠ[θ
n | X n] hold universally for

all i.i.d. priors Π⋆?

A Poisson EB sandbox:

→ mean parameters: θ1, . . . , θn ∼ G⋆ with an unknown prior G⋆

→ observations: independent Xi ∼ Poi(θi )

→ for any estimator θ̂n(X n), the regret is defined as

Reg(θ̂n;G⋆) =
1

n
E[∥θ̂n − Bayes estimator under G⋆∥22]
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A hierarchical Bayes model

Choice of training prior Π:

→ dependence is necessary: Π cannot be a product distribution

→ a natural candidate: Π = EG∼π[G
⊗n], with a prior-on-prior (PoP) π

The PoP π induces a hierarchical Bayes model:

G ∼ π,

θ1, . . . , θn | G i.i.d.∼ G ,

Xi | θ1, . . . , θn,G
ind.∼ Poi(θi ).
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Existence of universal PoP

Theorem (Least favorable PoP)

There exists a PoP π⋆ such that

sup
G⋆

Reg(Eπ⋆ [θn|X n];G⋆) = inf
θ̂n

sup
G⋆

Reg(θ̂n;G⋆).

→ “universal” PoP exists!

Finding an explicit π⋆ might still be hard:

→ in statistics, finding least favorable priors/minimax estimators is often challenging

→ ML approaches for building near-minimax estimators in statistics typically require
solving a min-max game [Gupta et al. ’20]
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Many PoPs are near universal

Theorem (Regret bound)

For a PoP π,

sup
G⋆

Reg(Eπ[θ
n|X n];G⋆) ≤ 1

n

(
metric entropy of model+ prior coverage of π

)

→ usually, both terms are Õ(1), so that the regret is Õ( 1
n
) (near optimal)

→ this regret bound holds for any test prior G⋆

An example PoP with desired coverage: G =
∑m

i=1 wiδai ∼ π, with

→ uniform atom locations a1, . . . , am ∼ Unif([0,A])

→ uniform atom weights (w1, . . . ,wm) ∼ Dirichlet(1, . . . , 1)

→ number of atoms m = Õ(1)

Yanjun Han (NYU) Empirical Bayes and Pretraining 39



Many PoPs are near universal

Theorem (Regret bound)

For a PoP π,

sup
G⋆

Reg(Eπ[θ
n|X n];G⋆) ≤ 1

n

(
metric entropy of model+ prior coverage of π

)
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Posterior contraction

Prior on θ

0 1θ1

X1, . . . ,Xn ∼ Pθ1

Posterior of θ | X n

0 1θ1

Same prior

0 1θ2

X1, . . . ,Xn ∼ Pθ2

Posterior of θ | X n

0 1θ2

Posterior contraction: for different true parameters θ⋆, the posterior Π(θ | X n)
concentrates around θ⋆

Yanjun Han (NYU) Empirical Bayes and Pretraining 40



Posterior contraction

Prior on θ

0 1θ1

X1, . . . ,Xn ∼ Pθ1

Posterior of θ | X n

0 1θ1

Same prior

0 1θ2

X1, . . . ,Xn ∼ Pθ2

Posterior of θ | X n

0 1θ2

Posterior contraction: for different true parameters θ⋆, the posterior Π(θ | X n)
concentrates around θ⋆

Yanjun Han (NYU) Empirical Bayes and Pretraining 40



Posterior contraction

Prior on θ

0 1θ1

X1, . . . ,Xn ∼ Pθ1

Posterior of θ | X n

0 1θ1

Same prior

0 1θ2

X1, . . . ,Xn ∼ Pθ2

Posterior of θ | X n

0 1θ2

Posterior contraction: for different true parameters θ⋆, the posterior Π(θ | X n)
concentrates around θ⋆

Yanjun Han (NYU) Empirical Bayes and Pretraining 40



Posterior contraction for pretrained estimator

The i-th coordinate of the pretrained Bayes estimator is:

Eπ[θi | X n] = EG∼π(G |Xn)[Bayes estimator under prior G ].

The pretrained estimator is performing Bayesian inference:

→ step 1: update the posterior π(G | X n) based on the PoP π

→ step 2: sample a prior G from the posterior π(G | X n)

→ step 3: apply the Bayes estimator under the sampled G

Posterior contraction:

→ for X n drawn from any test prior G⋆, the posterior π(G | X n) concentrates around
G⋆

→ therefore, the pretrained estimator is essentially using the Bayes estimator under G⋆
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Numerical evidence for pretrained transformer

50 100 200 500
Training sequence length

10 3

10 2

MSE
Regret(HB)

(a) m = 2.
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10 3

10 2

10 1

MSE
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(b) m = 5.

50 100 200 500
Training sequence length

10 3

10 2

10 1
MSE
Regret(HB)

(c) m = 10

Figure: πm: a class of PoPs where the exact Bayes estimator can be computed.
Orange: regret of exact Bayes estimator under πm.

Blue: difference between the exact Bayes estimator and the pretrained transformer output.

Numerical experiments suggest that

∥Exact Bayes− Transformer Output∥ ≈ 0 (≪ Regret(Exact Bayes))
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Length Generalization



Length generalization

Length generalization: transformers trained on sequence length n generalize to longer
lengths ntest > n

512 1024 2048 4096
Sequence length

0.1

0.2

0.5

1.0

Re
gr

et

NPMLE
T24N50
T24Nr
T24U50

Figure: Regrets of NPMLE and three transformers with n = 512 and various ntest.

→ as ntest increases, regrets of all pretrained transformers continue to decrease

→ this improvement may saturate for large ntest
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A model of length generalization

Need to extend the definition of θ̂ : Nn → Rn to
N≥n → R≥n

Length generalization model (Furuya-de
Hoop-Peyré ’25)

Given input X n, the i-th output of a transformer is

Yi = f
(
Xi ,

1

n

n∑
j=1

δXj

)
,

where f is independent of i or n.

This holds for any learned transformer with:

→ no positional encoding;

→ no causal masking;

→ no final softmax layer;

→ only self-attention and token-wise operations. Transformer architecture from [Vaswani

et al. ’17]

Yanjun Han (NYU) Empirical Bayes and Pretraining 45



A model of length generalization

Need to extend the definition of θ̂ : Nn → Rn to
N≥n → R≥n

Length generalization model (Furuya-de
Hoop-Peyré ’25)
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Length generalization: Bayesian inference

Lemma (Generalized Posterior)

Suppose the length generalization model holds for the pretrained Bayes estimator with
training length n. Then for test sequence X ntest with a different length, the pretrained
estimator is performing Bayesian inference with a generalized posterior:

πα(dG | X ntest) ∝ π(dG)
( ntest∏

i=1

fG (Xi )
)α

,

with α = n
ntest

.

Pretrained estimator is still performing Bayesian inference, but now with a fractional
posterior update.
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Length generalization: regret

Using posterior contraction for the α-posterior, we obtain:

Theorem (Regret bound)

Under the length generalization model, the pretrained Bayes estimator on length n
achieves a worst-case regret on test length ntest ≥ n upper bounded by

1

ntest
×metric entropy of model+

1

n
× prior coverage of π

Explains both the improvement and saturation when test length increases!
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Numerical evidence for α ≃ n
ntest
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(a) n = 50.

0.05 0.1 0.2 0.5 1.0 2.0 5.0
Alpha

10 4

10 3

10 2

10 1

M
SE

Test seqlen
50
100
200
500
1000

(b) n = 100.
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(c) n = 200.
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(d) n = 500.

Figure: Mean squared differences between transformer output and Bayes estimator with
α-posteriors, with various (n, ntest, α). The closest fit is consistently α ≃ n

ntest
.
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Conclusion

Main message

Everyone does Bayesian:

→ Frequentist: (approximate) least favorable prior

→ Empirical Bayes: data-driven prior

→ Pretrained transformer: (generalized) Bayesian inference

Thank You!
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