The Nearest Neighbor Information Estimator is Adaptively Near Minimax Rate-Optimal
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Problem Formulation

Differential entropy of a continuous density: KL estimator is near minimax rate-optimal
h(f) 2 / —f(x) log f(x)dx. o Minimax lower bound in [2]:
R4 1
Applications of differential entropy: inf sup By (ﬁ B h(f))2 2 > ¢ (n_s%d(log n)_sgfj n n_%> |
o machine learning tasks, e.g., classification, clustering, feature selection h fers
o other fields: causal inference, sociology, computational biology, etc. o KL estimator is near minimax within logarithmic factors
Target: given i.i.d. samples Xi,--- , X, from f, estimate the value of h(f). KL estimator is adaptive in s:

o Construction of /Aﬁfi does not depend on s
o KL estimator adapts to unknown smoothness and (nearly) achieves the corresponding

Nearest Neighbor Estimator

minimax rate
Different behavior for density bounded away from zero:

Notations: 15 |
o Different rate from ©(n %+ + n~2) [3] (the case where f > ¢ > 0)

o n: number of samples

o d: dimensionality
o k: number of nearest neighbors

Main Tool: Maximal Inequality

o R;y: Euclidean distance of i-th sample to its k-th nearest neighbor

o volg(r): volumn of the d-dimensional ball with radius r Key lemma to deal with small 7: define the minimal function of density f as
Insights: N 1
,, mifl() 2 inf S [ f()dy
] 1 k 0<r<1 V0|d(l’) ly—x|l,<r
h(f) = E[—log f(X)] &~ —=» log f(X;),  f(Xi)-vola(Rix) ~ - | |
n“— n Then there exists a constant C (depending on d only) such that for any € > 0,
Kozachenko—Leonenko (KL) estimator [1]: / f(x) - 1(f(x) < )dx < Ce.
Ak 1 - n 0.1)° - -
Mok = ;Z log (;VOld(Ri,k)) + log(k) — (k) Generalized Hardy—Littlewood Maximal Inequality: let 11, o be two Borel measures on the
=1 A bias correction term metric space (€2, d), then for any t > 0,
Key contribution: Analyze the performance of hffL without assuming the density is bounded B( x: 0
f 7k /Ll XEQ:SUPMz( (X,r))Zt SCILLQ( )
away from zero. "0 11(B(x; 1) ;

Proof of the lemma: choose 1, = Lebesgue measure, u1(dx) = f(x)ua(dx).

Main Result
Let 12 be the class of probability densities supported on [0, 1]¢ which are Holder smooth

with parameter s > 0.
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