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Abstract
Existing auto-bidding algorithms in digital adver-
tising often treat the value of an ad opportunity as
the revenue obtained when an ad is shown and/or
clicked, and bid accordingly. This can lead to
wasteful spending because the true value is the
marginal gain from paid exposure: even without
winning a sponsored slot, an advertiser may still
earn revenue via an organic search result (e.g., on
Google or Amazon). Motivated by recent work,
we model ad value as a treatment effect—the
outcome difference between winning and losing
the auction—and study online learning for bid-
ding in second-price (Vickrey) auctions under this
causal perspective. We develop algorithms that
attain rate-optimal regret under several feedback
models. A key ingredient exploits the informa-
tion revealed by the second-price payment rule,
which strictly improves regret relative to analo-
gous learning problems in first-price auctions.

1. Introduction
Over the past years, advertisement has largely shifted from
traditional promotions to digital advertising (Wagner, 2019).
Online advertising platforms—such as Amazon, Google,
and Meta—have access to rich customer information and
can help advertisers better target the intended audience tai-
lored to their brands. In many of these advertising plat-
forms and in particular the sponsored advertisement in main-
stream search engines, second-price auctions (SPAs) (Vick-
rey, 1961) are employed to sell the ad inventory for their
truthful nature (Lucking-Reiley, 2000; Klemperer, 2018;
Lucking-Reiley et al., 2007). In SPAs, the best practice of
the bidder is to simply bid her own valuation of the item.1

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

1Throughout this work, we use advertisers and bidders inter-
changeably.

In practice, however, advertisers face the crucial challenge
of evaluating the actual value of the ad opportunity they
are bidding on. This value is typically measured by the
user’s click-through rate (CTR) or conversion rate, which
varies with the specific user or other environmental factors
and is not known to the bidder. Note that an inaccurate
valuation can lead to either overbidding or underbidding
and thereby largely hurt the bidder’s utility. To address this
challenge and maximize the utility, one must rely on the
rich contextual information to jointly estimate the ad value
and make near-optimal bids on the fly (Weed et al., 2016;
Feng et al., 2018; Cesa-Bianchi et al., 2024).

A key and yet vastly overlooked aspect in the literature is
that the bidder’s product may still be included in the organic
search results and receive a click, even if the bidder has lost
the auction for a sponsored slot in the user’s search. In other
words, the utility of losing an auction is not necessarily
zero, and the value of an ad slot should be measured by the
marginal gain as opposed to the sole outcome of winning
the auction.

As a concrete motivation, suppose the user searches for cat
food and looks for a few trusted brands he has purchased
before. Such loyal users always ignore sponsored ads and
head straight to the familiar brands in the search results. For
those brands, while the outcome of serving ads is high, the
marginal gain from serving ads is zero. Another motivation
is that the brands can already be ranked top in the organic
search results and receive a high CTR. They will gain little
extra exposure by winning the auction and placing them-
selves among the sponsored slots. In either scenario, the
marginal value of such an ad opportunity is small to the
advertisers, but existing metrics mistake it to be a highly
valuable one if value is measured only by the winning out-
come.

To bridge this gap, a recent line of work proposes to model
the marginal value as a treatment effect, that is the out-
come difference between winning and losing the auction
(Waisman et al., 2024; Wen et al., 2025a). Wen et al.
(2025a) studies this problem of jointly estimating treatment
effect and bidding in first-price auctions (FPAs) and derives
near-optimal algorithms under different feedback structures.
Specifically, they consider two types of feedback on the
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highest other bid (HOB):

• Full-information: the bidder always observes the HOB
at the end of auction.

• Binary: the bidder only observes the win-loss indicator.

In FPAs, the optimal regret scales with Θ̃(
√
dT ) under full-

information and Θ̃d(T
2
3 ) under binary feedback (Wen et al.,

2025a). Here T denotes the horizon of the bidding pro-
cess and d the feature dimension. In this work, we focus
on SPAs and provide a complete picture across different
feedback. In particular, we prove that bidding in SPAs is
fundamentally easier than in FPAs under binary feedback.
Our contributions are detailed as follows:

• (Problem formulation) We introduce the formulation
of treatment effect estimation to bidding in repeated
SPAs. Crucially, we identify the information revealed
by the payment in SPAs that is key to facilitating the
learning process.

• (Optimal regret) By carefully exploiting the payment
rule in SPAs, we establish an improved regret Θ̃(

√
dT )

under the binary feedback, which outlines a fundamen-
tal difference between SPAs and FPAs. Together with
a lower bound under full-information feedback, we
provide a complete picture of regret characterizations
for SPAs under both types of feedback (Table 1).

• (Algorithmic generalization) To circumvent unreal-
istic overlap conditions in treatment effect estimation,
we improve upon the causal inference approach em-
ployed in Wen et al. (2025a). We relax the propensity
score estimation condition to accommodate arbitrary
estimation approaches, including the estimation en-
tailed by our specific information structure. We also
generalize the assumption on HOB distributions to in-
corporate point mass, handling a much broader class
of distributions.

1.1. Related Work

Bidding in repeated auctions Research in auction theory
has a long history. Early work of auctions, particularly SPAs
and FPAs, typically takes a game-theoretic perspective to
understand the equilibria of the bidding behaviors (Vickrey,
1961; Myerson, 1981; Klemperer, 1999). A more recent
line of research, also more relevant to this work, combines
bidding in repeated auctions with the view of learning to
address uncertainties faced by the bidder (Blum et al., 2004;
Devanur & Kakade, 2009; Weed et al., 2016; Mohri & Med-
ina, 2016; Feng et al., 2018; Han et al., 2020; 2025; Wen
et al., 2025a). A majority of this literature assumes a known
ad value and focuses on the uncertainty in the HOBs in

FPAs, since the optimal bidding strategy in SPAs is triv-
ial when the value is known. Nonetheless, learning HOBs
turns out critical in our work because of the unknown val-
uation. As we model the value as a treatment effect and
estimate it through the lens of causal inference, the knowl-
edge on HOBs is required when computing the propensity
score of the treatment (which is a successful display of the
ad). In FPAs, Han et al. (2025) proposes the idea of inter-
val splitting to handle HOB estimation under incomplete
feedback. Building on this idea, we develop an estimated
propensity score in SPAs with bid-dependent confidence
width for value estimation.

Estimating unknown ad value There is also a rich line of
literature that addresses the uncertainty in ad value. Weed
et al. (2016) takes a bandit approach and considers regret
minimization in the setting where the bidder observes the
ad value if she wins the SPA. This is generalized to FPAs
by Feng et al. (2018) and Cesa-Bianchi et al. (2024). More
recently, Waisman et al. (2024) proposes to model the ad
value as a treatment effect, and Wen et al. (2025a) provides
near-optimal algorithms for joint treatment effect estimation
and bidding in FPAs. To highlight our contributions, we
make a more detailed comparison with Wen et al. (2025a).
We study the natural extension to SPAs, as a user can interact
with both sponsored ads (the winning bidders) and organic
results (the losing bidders) in a search, making treatment
effect modeling a particular fit for search ads. Importantly,
while the optimal regret scales with Θ̃d(T

2
3 ) in the FPAs

under binary feedback (Wen et al., 2025a), it is not tight in
the SPAs. The winner in a SPA observes the HOB when she
pays. This payment yields additional and asymmetric infor-
mation that makes winning more profitable and improves
the regret to Θ̃(

√
dT ). To achieve this improvement, we

generalize the condition required for HOB estimation in
Wen et al. (2025a) to incorporate any form of error bounds,
which may be of independent interest to future work.

Linear contextual bandits This work also closely relates
to the literature on linear contextual bandits, as we will im-
pose a linear model on the treatment effect in features. In the
bandit literature, the learner always observes the value after
choosing an arm. The optimal regret scales with Θ̃(d

√
T )

when the arm space is continuous (Dani et al., 2008; Li et al.,
2010; Abbasi-Yadkori et al., 2011) and Θ̃(

√
dT ) when the

arm set is finite (Auer, 2002; Chu et al., 2011). While these
results do not apply as the value is not observed in our case,
their ideas shed light to understanding the convergence of
value estimation in linear models, when coupled with appro-
priate causal inference techniques.

1.2. Notations

Let [n] = {1, 2, . . . , n} for positive integer n. We define the
indicator function 1[E] to be 1 if the event E occurs and 0
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otherwise. For a vector x ∈ Rd and a positive semi-definite
(PSD) matrix A ∈ Rd×d, let the matrix norm be ∥x∥A =√
x⊤Ax. We use standard asymptotic notations O(·),Ω(·),

and Θ(·) to suppress constant factors, and Õ(·), Ω̃(·), and
Θ̃(·) to suppress poly-logarithmic factors. We write Θ̃d(·)
when polynomial factors in d are also suppressed. For a
random variable X , E[X] and Var(X) denote its mean and
variance. For a cumulative distribution function (CDF) G on
[0, 1], let its (pseudo-)inverse be G−1(z) = inf{x ∈ [0, 1] :
G(x) ≥ z}.

2. Problem Formulation and Main Results
2.1. Problem Formulation

Consider a single bidder who jointly estimates the unknown
(marginal) value and bids in repeated SPAs over a horizon of
length T . A feature vector xt ∈ Rd is revealed to the bidder
at the beginning of every auction, or every time t ∈ [T ].
Then the bidder submits a bid bt, while the HOB mt is
drawn by nature. If bt ≥ mt, the bidder wins the auction,
pays the HOB mt, and receives a winning outcome vt,1;
if bt < mt, the bidder loses, pays nothing, and receives a
baseline outcome vt,0. We consider binary feedback where
the bidder observes no additional information other than
the win-loss indicator. The observable (inferred from the
auction outcome) is vt,1 if won and vt,0 if lost. Crucially, as
opposed to FPAs, the bidder observes the HOB mt from the
payment rule if and only if she wins, creating an asymmet-
ric information structure that favors winning. The payoff
function at time t is

rt(b) := 1[b ≥ mt](vt,1 −mt) + 1[b < mt]vt,0

= 1[b ≥ mt](vt,1 − vt,0 −mt) + vt,0.

For simplicity, we assume ∥xt∥2 ≤ 1 and vt,1, vt,0,mt ∈
[0, 1]. To address this problem, we consider a linear model
for the ad value ∆vt := vt,1−vt,0. Note that this value ∆vt
is never observed, posing the need for a causal inference
approach.
Assumption 2.1 (Linear model). The treatment effect satis-
fies E[∆vt] = θ⊤∗ xt at every t for some unknown parameter
θ∗ ∈ Rd with ∥θ∗∥2 ≤ 1.
Assumption 2.2 (Stochastic HOB). The HOB mt is drawn
from an unknown i.i.d. distribution with a (ω, λ)-locally-
bounded CDF G for some constants ω, λ ∈ (0, 1).
Assumption 2.3 (Oblivious context). Conditioned on con-
texts {xt}t∈[T ], the values {(vt,1, vt,0,mt)}t∈[T ] are inde-
pendent over time.
Definition 2.4. A CDF G is called (ω, λ)-locally-bounded
if for every b1, b2 ∈ [0, 1], |b1 − b2| ≤ ω implies |G(b1)−
G(b2)| ≤ λ.

The reason behind the i.i.d. HOB model is that the popula-
tion of competing bidders is typically large in ad exchanges

and relatively stationary over time. So we expect the com-
peting bid mt to average out and have a stationary behavior.
Stationarity has been imposed in prior literature and in prac-
tice (Mohri & Medina, 2016; Han et al., 2025). Assumption
2.3 simply states that the context sequence is oblivious to
the realized history, which is also standard in the litera-
ture and subsumes the case when xt is i.i.d. (Auer, 2002;
Abbasi-Yadkori et al., 2011).

Throughout, we fix any margin constant ϵ such that
1−4ϵ−λ

2 > 0. Let g and G denote the HOB density and
CDF, respectively. The expected payoff is

rt(b) := G(b)θ⊤∗ xt −
∫ b

0

g(m)mdm+ E[vt,0]. (1)

To measure the performance of a bidding algorithm π, we
consider the following notion of regret. It competes against
the hindsight oracle that perfectly knows θ∗ and G.

R(π) := E

[
T∑

t=1

max
b∗t∈[0,1]

rt(b
∗
t )− rt(bt)

]
(2)

where the bid sequence (bt)t is selected by the algorithm
π and the expectation is taken over any randomness in the
algorithm and the bidding process.

2.1.1. EXAMPLE HOBS

To be concrete, we list a few examples of HOB distributions
with (ω, λ)-locally-bounded CDFs.

Continuous distribution with bounded density. Sup-
pose the HOB density is upper bounded by U > 0, which
implies that the CDF G is U -Lipschitz. Then we have
λ = Uω for any ω ∈ (0, 1).

Distribution with atoms. An atom or a point mass refers
to a value m ∈ [0, 1] such that P(mt = m) > 0. The
HOB distribution is allowed to have atoms as long as, over
any interval [a, a+ ω] ⊆ [0, 1] of length ω, the probability
P(a < mt ≤ a+ ω) = G(a+ ω)−G(a) ≤ λ is bounded.

2.2. Main Results

The main theorem of this work provides a near-optimal
regret guarantee for the proposed bidding algorithm.
Theorem 2.5. Suppose Assumption 2.1–2.3 hold. Under
this binary feedback, there is a bidding algorithm π that
achieves

R(π) = O(
√
dT log3 T ).

To complement our regret bound, we present a matching
minimax lower bound. Let the minimax regret be

R∗ = inf
π

sup
G,θ∗

R(π;G, θ∗)

3
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Table 1. Optimal Regret in SPAs under Two HOB Feedbacks

Full-information Binary

Upper Bound (Thm. 2.5) Õ(
√
dT ) Õ(

√
dT )

Lower Bound (Thm. 2.6) Ω(
√
dT ) Ω(

√
dT )

where the sup is taken over any pair of parameters (G, θ∗)
that satisfies Assumption 2.1–2.3, and R(π;G, θ∗) denotes
the regret of algorithm π under the corresponding problem
instance. The next result indicates that the algorithm in
Theorem 2.5 is optimal up to poly-logarithmic factors in the
minimax sense.

Theorem 2.6. Suppose Assumption 2.1–2.3 hold. Even if
the CDF G is perfectly known, when T ≥ d2, it holds that

R∗ = Ω(
√
dT ).

Since Theorem 2.6 holds even under full-information HOB
feedback, we have tight regret under both full-information
and binary feedback, as summarized in Table 1.

3. HOB Estimation from Payment
In this section, we formalize how to learn the HOB distribu-
tion from the second-price payment rule, which is informa-
tive only when the bidder wins the auction. Throughout the
remaining work, we consider the discretized bids

B := {bj : j = 1, 2, . . . , ⌈
√
T ⌉}, bj =

j − 1√
T

. (3)

3.1. One-sided Feedback and More

Note that a higher bid reveals more information about the
HOB CDF G under the second-price payment rule. Indeed,
for b < b′, one can always infer 1[b ≥ mt] from 1[b′ ≥ mt]:
if 1[b′ ≥ mt] = 0, then so is 1[b ≥ mt] = 0. Otherwise,
since the bidder wins the auction and pays the HOB, the
bidder knows mt and can compute 1[b ≥ mt]. This gives
the name one-sided feedback. Nonetheless, as studied in
the bandit literature, this one-sided feedback alone is in-
sufficient to achieve the optimal regret Õ(

√
T ) when the

sequence of realized values (∆vt)t is unconstrained (Wen
et al., 2024; Han et al., 2025).

A key observation from Han et al. (2025) is that the one-bit
feedback 1[b ≥ mt] from a lower bid b < b′ also provides
partial information to the CDF G(b′) of a higher bid. Indeed,
since

G(b′) = E[1[b′ ≥ mt]] = E[1[b ≥ mt] + 1[b′ ≥ mt > b]]

= G(b) + P(b′ ≥ mt > b),

observations from bidding b help estimate the first part G(b).
To utilize this additional information, for each discretized
bid bj ∈ B in (3), we have

G(bj) =
∑
i≤j

pi

where pi := P(bi ≥ mt > bi−1). Then we estimate each pi

individually using historical observations. This is beneficial
for two reasons.

First, as commented earlier, observations from higher bids
imply observations on lower bids. Therefore, as described
in Figure 1, more data is available for smaller bids. By
estimating each pi separately for i ≤ j, we can derive
a tighter confidence width for G(bj), which is crucial to
improve the regret dependence from T

2
3 to
√
T .

Second, an estimator p̂i converges faster to the truth when
the target probability pi is smaller than a constant level.
By Bernstein’s concentration (Lemma H.1), this value
pi = o(1) shows up in the confidence width and enables
fast learning. Nonetheless, since pi is unknown, this tight
confidence width cannot be computed directly. We adopt the
solution by Han et al. (2025) to use O(

√
T ) initial samples

to compute an initial estimator p̂i0 for each i in Algorithm 3
and prove that it suffices for our target regret.

0 = b1 1 = b5

# samples

bid space
b2 b3 b4

{τ : b5 ≥ mτ}

{τ : b4 ≥ mτ}

{τ : b3 ≥ mτ}

{τ : b2 ≥ mτ}

Figure 1. Illustration of the one-sided feedback inferred from
payment. This is a toy example with discretization size |B| = 5.
Because of the second-price payment, the bidder can infer
1[bi ≥ mτ ] from 1[bj ≥ mτ ] whenever bi ≤ bj . Consequently,
the smaller bid intervals always have more observations.

3.2. HOB Estimation

To elaborate on the idea above, we consider the estimation
of {G(b) : b ∈ B} at a given time t. Suppose we have
a subset of time indices Φt ⊆ [t − 1] such that the HOB
observations {1[bτ ≥ mτ ]mτ}τ∈Φt are mutually indepen-
dent conditioned on {(bτ , xτ )}τ∈Φt

. For each bid index
j ∈ [⌈

√
T ⌉], we can define the probability estimator

p̂jt :=

∑
τ∈Φt

1[bτ ≥ bj ]1[bj < mτ ≤ bj+1]∑
τ∈Φt

1[bτ ≥ bj ]

4
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and naturally the CDF estimator

Ĝt(b
j) :=

∑
i≤j

p̂it. (4)

To derive an estimator for the reward in (1) later,
note that the expected payment can be approximated as∫ bj

0
g(m)mdm = bjG(bj) −

∫ bj

0
G(m)dm ≈ bjG(bj) −

1√
T

∑
i≤j G(bi). It turns out critical to develop good esti-

mators for both the CDF value and its discretized integral:
Lemma 3.1. At each time t ∈ [T ] and given indices
Φt ⊆ [t − 1], suppose {1[bτ ≥ mτ ]mτ}τ∈Φt are mu-
tually independent conditioned on {(bτ , xτ )}τ∈Φt

. Let
nj
t :=

∑
τ∈Φt

1[bτ ≥ bj ] for each index j ∈ [⌈
√
T ⌉]. With

probability at least 1− T−3, it holds that

|G(bj)−Ĝt(b
j)| ≤ ut(b

j) and
1√
T

∣∣∣∣∣∣
∑
i≤j

G(bi)− Ĝt(b
i)

∣∣∣∣∣∣ ≤ ut(b
j)

for every j ∈ [⌈
√
T ⌉] and Ĝt defined in (4). Here

ut(b
j) := 8

√√√√∑
k≤j

2 log T

nk
t

(
p̂k0 +

12 log T√
T

)
+

8 log T

nj
t

where p̂k0 estimates pk with at least ⌈
√
T ⌉ i.i.d. samples as

defined in (8).

The conditional independence required in Lemma 3.1 does
not trivially hold and is addressed later in Section 4.4. For
the purpose of demonstration, we shall assume it holds until
Section 4.4.

4. Bidding with Unreliable Value Estimation
We now consider estimation of the linear parameter θ∗ and
the actual bidding algorithm. The estimation is “unreliable”
in the sense that, as we will see shortly, the estimation error
bound is in general unbounded. Indeed, because the value
is a treatment effect, we would need observations of both
winning and baseline outcomes (vt,1, vt,0) to accurately es-
timate θ∗. Developing a good estimator θ̂t is typically done
via randomized experiments or guaranteed observations of
both sides in causal inference (i.e. the overlap condition).
However, as the bidder minimizes the regret, she is inclined
to win the auctions with large ∆vt and lose the ones with
small ∆vt. Naively running randomized experiments would
result in a suboptimal regret.2

To arrive at the optimal regret, we will give up on develop-
ing a reliable estimator θ̂t for θ∗ at any time t during the

2Suppose one uses N randomized experiments to draw bids
bt ∼ Unif{0, 1}, estimate θ∗ via these observations, and then
commit to the estimator. Trading off N leads to regret Õ(T

2
3 ).

bidding process. Instead, the performance of our estimator
θ̂t will depend on the bidding trajectory and have a gener-
ally unbounded error. Crucially, this large estimation error
is neutralized by a decision step that carefully exploits the
structure of the repeated auctions.

4.1. Inverse-propensity-weighted (IPW) Estimator

The value estimation starts with a standard causal inference
concept: the IPW estimator. Since the treatment in our
formulation corresponds to the display of an ad, the propen-
sity score of bidding b at time t is P(b ≥ mt) = G(b).
When G is known, it is natural to consider the unbiased IPW
estimator for ∆vt:

êt(b) :=
1[b ≥ mt]vt,1

G(b)
− 1[b < mt]vt,0

1−G(b)
.

While G is not known, the bidder may maintain an estimator
Ĝt at each time t and devise a variant of this IPW estimator.
This work considers a simple alternative:

ẽt(b) :=
1[b ≥Mt]vt,1

Ĝt(b)
− 1[b < Mt]vt,0

1− Ĝt(b)
. (5)

The performance of this estimator is summarized by the
following result. Note that it by no means bounds the bias
nor the variance of the IPW estimator in (5), as σt(b) can go
to infinity when Ĝt(b) is close to 0 or 1. The purpose is to
find computable proxies for its bias and variance in further
variance reduction steps.

Lemma 4.1 (Bias-variance proxy). At time t, suppose
|Ĝt(b) − G(b)| ≤ ut(b) for every bid b ∈ [0, 1] for some
width ut(b). Then there exists a constant c0 = 4 such that{∣∣E[ẽt(b)]− θ⊤∗ xt

∣∣ ≤ c0 · ut(b)σt(b)

Var(ẽt(b)) ≤ c0 · σt(b)
2

where
σt(b) :=

1

Ĝt(b)(1− Ĝt(b))
(6)

Remark 4.2 (IPW design). In comparison, to arrive at an al-
gorithm with no explicit bid experiments, Wen et al. (2025a)
proposes a “truncated” IPW variant when the HOB estima-
tor satisfies |G(b) − Ĝt(b)| ≲

√
G(b)(1−G(b))/t + 1/t.

This is a Bernstein-type error bound that requires the HOB
estimation to be more accurate at the regime where the vari-
ance G(b)(1−G(b)) is small. Clearly, as our estimation in
(4) takes a piece-wise approach, the guarantees in Lemma
3.1 do not align with such a condition. By contrast, our sim-
ple IPW design and performance guarantees in Lemma 4.1
allow for an arbitrary HOB error |Ĝt(b)−G(b)| ≤ ut(b). It
remains open whether one can achieve no-experiment with
a more delicate IPW design in our setting.

5
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Algorithm 1: UCB Computation Routine

1 Input: Time indices Φt ⊆ [t− 1], bid subset Bt ⊆ B,
CDF estimator Ĝt, historic widths {uτ}τ∈Φt

and
width function ut.

2 στ ← στ (bτ ) in (6) for τ ∈ Φt;
3 At ← I +

∑
τ∈Φt

σ−2
τ xτx

⊤
τ ;

4 zt ←
∑

τ∈Φt
σ−2
τ xτ ẽτ where ẽτ = ẽτ (bτ ) as in (5);

5 Compute estimator θ̂t ← A−1
t zt.

6 Set γ ← 1 + 14 log T + 4
√∑

τ∈Φt
u2
τ .

7 for bj ∈ Bt do
8 Compute the following quantities with:
9 wt,0(b

j)← 1
ϵ
(Ĝt(b

j)γ∥xt∥A−1
t

+ 4ut(b
j) + 2√

T
).

10 wt,1(b
j)← 1

ϵ
((1−Ĝt(b

j))γ∥xt∥A−1
t

+4ut(b
j)+ 2√

T
).

11 r̂t,0(b
j)← Ĝt(b

j)(θ̂⊤t xt − bj) +
∑

i≤j Ĝt(b
i).

12 r̂t,1(b
j)← Ĝt(b

j)(θ̂⊤t xt − bj) +
∑

i≤j Ĝt(b
i)− θ̂⊤t xt.

13 end
14 Invoke Algorithm 2 with perturbation c = ω

4 , margin
constant ϵ, CDF Ĝt, and value θ̂⊤t xt to get [bL, bR]
and index q ∈ {0, 1}.

Given the computable variance proxy σt(b)
2 of the IPW

estimator in Lemma 4.1, we solve the weighted least squares
to find an estimator for the linear parameter θ∗. Specifically,
given a selected subset of time indices Φt ⊆ [t− 1] at time
t, consider

θ̂t = argmin
θ∈Rd

∑
τ∈Φt

στ (bτ )
−2(ẽτ (bτ )−θ⊤xτ )

2+∥θ∥22. (7)

The weights στ (bτ )
−2 are taken to address the heteroskedas-

ticity in the constructed IPW estimators {ẽτ (bτ )}τ∈Φt , and
a standard Ridge regularization is imposed. The solution to
(7) takes the closed form as in Line 5 of Algorithm 1. The
following result provides an error bound on the estimated
treatment effect by the estimator defined in (7).

Lemma 4.3. Suppose (vτ,1, vτ,0)τ∈Φt
are condition-

ally independent given (xτ , bτ ,mτ )τ∈Φt
, and |G(bτ ) −

Ĝτ (bτ )| ≤ uτ for every τ ∈ Φt. Then with probability
at least 1− T−3, it holds that

|θ̂⊤t xt − θ⊤∗ xt| ≤ γ∥xt∥A−1
t
,

where γ and At are defined in Line 6 and Line 3 of Algo-
rithm 1.

We remark that the bound in Lemma 4.3 is in general un-
bounded. When the variances στ are large in the definition
of At in Algorithm 1, this matrix norm ∥xt∥A−1

t
can be arbi-

trarily large. In other words, our estimation of the treatment
effect θ⊤∗ xt can be arbitrarily bad or even vacuous.

4.2. Neutralizing Bad Value Estimations

We are now in the position to present a key decision step
that neutralizes this potentially unbounded estimation error,
named “the better of two upper confidence bounds (UCBs)”
by Wen et al. (2025a). First, recall that maximizing the
reward rt in (1) is equivalent to maximizing any of the
following two formulations:

rt,0(b) := G(b)(θ⊤∗ xt − b) +

∫ b

0

g(m)mdm

= rt(b)− E[vt,0]

rt,1(b) := −(1−G(b))θ⊤∗ xt −G(b)b+

∫ b

0

g(m)mdm

= rt(b)− E[vt,1].

Crucially, they have different dependence on the value θ⊤∗ xt,
which motivate the definition of the plug-in estimators r̂t,0
and r̂t,1 in Algorithm 1. It is rather straightforward to show
that for every b ∈ [0, 1],3

|rt,0(b)− r̂t,0(b)| ≤ wt,0(b)

and
|rt,1(b)− r̂t,1(b)| ≤ wt,1(b);

detailed computations are deferred to the proof of Lemma
4.4 in Appendix D.

Now there are two pairs of (reward estimator, confidence
width) we can optimize over to select the final bid bt. Sup-
pose we apply the classical UCB algorithm on the formu-
lation rt,0, such that bt = argmaxb r̂t,0(b) +wt,0(b). Stan-
dard analysis yields a bound on the instantaneous regret
rt,0(b

∗
t )− rt,0(bt) ≲ wt,0(bt) where b∗t is the hindsight op-

timal bid. If wt,0(bt) ≤ wt,1(bt), we have chosen the better
formulation: the instantaneous regret scales with

min{wt,0(bt), wt,1(bt)} ∝ Ĝt(bt)(1−Ĝt(bt)) = σt(bt)
−1.

Recall that the value estimation error is large when the
variance σt is large, which surprisingly implies a vanishing
regret under the better UCB formulation.

4.3. UCB Formulation Selection

It is not straightforward to select the better UCB formula-
tion, since we do not know bt beforehand. The selection
is handled by Algorithm 2. At a high level, it prunes the
given bid subset Bt ⊆ B at a coarse level such that the CDF
values Ĝt(b) of all remaining bids are either close to 0 or 1.
When they are close to 0, it is clear that wt,0(b) ≤ wt,1(b)
up to constants, and hence we favor r̂t,0 over r̂t,1; vice versa.
This is formalized by the following result:

3Recall from Section 2.1 that ϵ is any constant such that
1−4ϵ−λ

2
> 0.
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Algorithm 2: UCB Selection

1 Input: perturbation c > 0, margin ϵ > 0, estimated
CDF Ĝt, estimated value v̂.

2 Compute
b+ ← argmaxbj∈B Ĝt(b

j)(v̂+ c)− 1√
T

∑
i≤j Ĝt(b

i)

3 and
b− ← argmaxbj∈B Ĝt(b

j)(v̂−c)− 1√
T

∑
i≤j Ĝt(b

i).

4 Set S ← {b ∈ B : Ĝt(b−)− c ≤ Ĝt(b) ≤ Ĝt(b+)+ c}
5 Set bL ← minS and bR ← maxS.
6 Output interval [bL, bR] and index q = 1[Ĝt(bL) ≥ ϵ].

Lemma 4.4 (Small width for selected UCB). Suppose the
event in Lemma 3.1 holds. Also suppose |G(bj)−Ĝt(b

j)| ≤
ut(b

j) and 1√
T

∣∣∣∑i≤j G(bi)−
∑

i≤j Ĝt(b
i)
∣∣∣ ≤ ut(b

j) for

each bj ∈ B for the given width function ut. For the index
q ∈ {0, 1} returned by Algorithm 2 with constant perturba-
tion c = ω

4 , when supb∈B,q∈{0,1} ϵ · wt,q(b) ≤ C(λ, ω), it
holds that

|rt,q(b)− r̂t,q(b)| ≤ ϵ · wt,q(b) ≤ min{wt,0(b), wt,1(b)}

for all b ∈ [bL, bR] in Algorithm 1, and argmaxb∈B rt(b) ∈
[bL, bR].

The claims in Lemma 4.4 show that, when the estimation
errors are smaller than a constant, the index q by Algorithm
2 indeed finds the better UCB for us, and the optimal bid (in
the discretized space) lies in the returned interval [bL, bR].
The latter allows us to focus our bidding process only within
[bL, bR], over which we know the better UCB.

4.4. Maintaining Conditional Independence

Recall that our estimation results, Lemmata 3.1 and 4.3,
require conditional independence among the observations.
This is not trivially guaranteed. For example, consider the
HOB observations {1[bτ ≥ mτ ]mτ}τ∈Φt at time t for a
subset Φt ⊆ [t − 1]. If we naively use all observations by
taking Φt = [t−1], the bid bt we choose will depend on the
information of {1[bτ ≥ mτ ]mτ}τ∈[t−1]. Then when we
condition on (bt, xt) in the next time t+ 1 with Φt+1 = [t],
the conditional independence breaks, as the new observa-
tion 1[bt ≥ mt]mt depends on the previous information
of {1[bτ ≥ mτ ]mτ}τ∈[t−1] through bt. A similar issue
persists for the value observations in Lemma 4.3.

To address this issue, we adopt a master routine that
partitions the history [t − 1] into L = O(log T ) levels
and, crucially, does not rely on the observations {1[bτ ≥
mτ ]mτ}τ∈Φ

(ℓ)
t

at the current ℓ-th level to make the decision
bt. This solution is standard: it was first proposed in the
bandit literature (Auer, 2002) and has been widely applied

in similar learning problems (Chu et al., 2011; Han et al.,
2025; Wen et al., 2025b).

Algorithm 3: A Master Routine

1 Input: Time horizon T , HOB parameters (ω, λ, ϵ).
2 Initialize: set L = ⌈log

√
T ⌉, J = ⌈

√
T ⌉, and

discretization B as in (3). Set Φ(ℓ)
1 ← ∅ for ℓ ∈ [L].

3 Set T0 ← max{64C(λ, ω)−2, ⌈
√
T ⌉} log T .

4 for time t = 1 to (L+ 1) · T0 do
5 Bid bt ← 1 and observe mt.
6 end
7 for time t = (L+ 1) · T0 + 1 to T do
8 Observe the context vector xt ∈ Rd.
9 Initialize B1 ← B.

10 for level ℓ = 1 to L do
11 Denote u

(ℓ)
τ ← u

(ℓ)
τ (bjτ ) as in (9).

12 Invoke Algorithm 1 with indices Φ(ℓ)
t , space Bℓ,

{u(ℓ)
τ }τ∈Φ

(ℓ)
t

, CDF Ĝ
(ℓ)
t as in (4), and u

(ℓ)
t to

compute rewards {r̂(ℓ)t,q (b)}b∈Bℓ
, widths

{w(ℓ)
t,q (b)}b∈Bℓ

, UCB index q ∈ {0, 1}, and

interval I(ℓ)t .
13 if ∃b ∈ Bℓ such that w(ℓ)

t,q (b) > 2−ℓ then
14 Choose this bt ← b.
15 Update: Φ(ℓ)

t+1 ← Φ
(ℓ)
t ∪ {t} and

Φ
(ℓ′)
t+1 ← Φ

(ℓ′)
t for ℓ′ ̸= ℓ. Break the inner

for loop.
16 else if w(ℓ)

t,q (b) ≤ 1√
T

for all b ∈ Bℓ then
17 Choose bt ← argmaxb∈Bℓ

r̂
(ℓ)
t,q (b).

18 Do not update: Φ(ℓ′)
t+1 ← Φ

(ℓ′)
t for all

ℓ′ ∈ [N ]. Break the inner for loop.
19 else
20 We have w

(ℓ)
t,q (b) ≤ 2−ℓ for all b ∈ Bℓ.

21 Eliminate bids: Bℓ+1 ←{
b ∈ Bℓ : r̂

(ℓ)
t,q (b) ≥ max

b′∈Bℓ

r̂
(ℓ)
t,q

(
b′
)
− 2 · 2−ℓ

}
∩I(ℓ)t .

22 end
23 end
24 Observe outcomes 1[bt ≥ mt]vt,1,1[bt < mt]vt,0,

and payment 1[bt ≥ mt]mt.
25 end

To give an intuition, Algorithm 3 loops through the levels
ℓ = 1, 2, . . . , L at each time t. At each level ℓ, it com-
putes the confidence width of the reward estimators (in our
case, the reward r̂t,q for the selected UCB q ∈ {0, 1}),
which crucially does not depend on the realized HOB and
value observations. Indeed, the widths wt,0 and wt,1 de-

7
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fined in Algorithm 1 only the number of observations and
the contexts (xτ )τ∈Φt for the given subset Φt ⊆ [t − 1].
This bypasses the complicated dependence structure men-
tioned above. The time index t is assigned to the ℓ-th level
if the confidence widths of the reward estimators lie in
[2−ℓ, 2−(ℓ−1)) at a high level, by comparing the computed
widths with this prespecified level of accuracy.

For the ease of notation, let bt = bjt ∈ B with index jt
denote the selected discretized bid, where B is defined in
(3). To distinguish the initialization phase [(L+ 1)T0] and
the remaining times in Algorithm 3, we define the initial
times for each level as

Φ̂
(ℓ)
0 = {ℓT0 + 1, . . . (ℓ+ 1)T0}

and use T0 held-out samples to derive initial probability
estimators: for each j ∈ [⌈

√
T ⌉], set

p̂j0 :=
1

T0

∑
t∈Φ̂

(0)
0

1[bj < mt ≤ bj+1]. (8)

Then following Lemma 3.1, we define the CDF width in
Algorithm 3 as

u
(ℓ)
t (bj) := 8

√√√√∑
k≤j

2 log T

nk
t,ℓ

(
p̂k0 +

12 log T√
T

)
+

8 log T

nj
t,ℓ

.

(9)
where the number of observations is defined as

nj
t,ℓ :=

∑
τ∈Φ

(ℓ)
t ∪Φ̂

(ℓ)
0

1[bτ ≥ bj ] (10)

for bj at the ℓ-th level, where Φ
(ℓ)
t is the subset of time

indices associated with level ℓ ∈ [L].

Lemma 4.5 (Lemma 14 of (Auer, 2002)). Under Assump-
tion 2.3, for every level ℓ ∈ [L] and time t ∈ [T ] in Al-
gorithm 3, (1[bτ ≥ mτ ]mτ )τ∈Φ

(ℓ)
t ∪Φ̂

(ℓ)
0

are conditionally
independent given (xτ , bτ )τ∈Φ

(ℓ)
t

, and (vτ,1, vτ,0)τ∈Φ
(ℓ)
t

are
conditionally independent given (xτ , bτ ,mτ )τ∈Φ

(ℓ)
t

.

4.5. Regret Analysis

Finally, we piece everything together to arrive at the regret
guarantee in Theorem 2.5. Without loss of generality, we
will assume that the high probability events in Lemma 3.1
and 4.3 hold almost surely. The next result shows that, if the
bid bt is selected at the ℓ-th level, then the instantaneous sub-
optimality is O(2−ℓ). Let b̂∗t = argmaxb∈B rt(b) denote
the hindsight optimal bid in the discretization.

Lemma 4.6. At time t ∈ [T ] and level ℓ ∈ [L], we have
b̂∗t ∈ Bℓ and every bid b ∈ Bℓ satisfies

rt(̂b
∗
t )− rt(b) ≤ 8 · 2−ℓ.

By Assumption 2.2, it is straightforward to show that

rt(b
∗
t )− rt(̂b

∗
t ) ≤

L√
T
. (11)

Let Φ(ℓ)
T+1 denote the time indices associated with level ℓ

and Φ
(L+1)
T+1 = [T ]\[(L+1)T0]\∪Lℓ=1Φ

(ℓ)
T+1 the time indices

when the bid bt is selected in Line 16 of Algorithm 3 (i.e.
when the confidence widths are small). Let qℓ ∈ {0, 1}
denote the UCB index returned by Algorithm 1.

Thanks to the initialization |Φ̂(ℓ)
0 | ≥ 64C(λ, ω)−2 log T , the

widths in Algorithm 1 satisfy supbj∈B ϵ·w(ℓ)
t (bj) ≤ C(λ, ω)

for all remaining time t and bj , which satisfies the condition
of Lemma 4.4. For each t ∈ Φ

(L+1)
T+1 selected at level ℓ,

rt(b
∗
t )− rt(bt) ≤ r̂

(ℓ)
t,qℓ

(̂b∗t )− argmax
b∈Bℓ

r̂
(ℓ)
t,qℓ

+
2 + L√

T

≤ 2 + L√
T

by Lemma 4.4. Then we can bound the regret as follows:

R(π) = E

[
T∑

t=1

rt(b
∗
t )− rt(bt)

]

= (L+ 1)T0 + E

(2 + L)
√
T +

L∑
ℓ=1

∑
t∈Φ

(ℓ)
T+1

rt(b
∗
t )− rt(bt)


(a)
≤ O(

√
T ) + E

[
8

L∑
ℓ=1

|Φ(ℓ)
T+1|2

−ℓ

]

(b)
≤ O(

√
T ) + E

8 L∑
ℓ=1

∑
t∈Φ

(ℓ)
T+1

w
(ℓ)
t,qℓ

(bt)


where (a) is by Lemma 4.6 and (11), and (b) because
w

(ℓ)
t,qℓ

(bt) > 2−ℓ in Line 13 when t ∈ Φ
(ℓ)
T+1. The proof

is completed by the following potential-based lemma and
that w(ℓ)

t,qℓ
(bt) = min{w(ℓ)

t,0(bt), w
(ℓ)
t,1(bt)} by Lemma 4.4.

Lemma 4.7. For each level ℓ ∈ [L], it holds∑
t∈Φ

(ℓ)
T+1

min{w(ℓ)
t,0(bt), w

(ℓ)
t,1(bt)} = O(

√
dT log2 T ).

5. Conclusion
To measure the marginal value of an ad exposure, this work
introduces an online causal inference framework to repeated
SPAs, widely applied in search engines. By carefully gener-
alizing variance reduction ingredients from the literature and
coupling them with the second-price payment, we present a
complete picture for the regret characterization across differ-
ent feedback structures. Our results clarify when and why
online causal inference is intrinsically easier in SPAs than
in FPAs and how to exploit this advantage optimally.
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A. Proof of Lemma 3.1
Proof. We will provide a detailed proof for the second (slightly more involved) claim. Then the first claim follows the same
argument. Fix any bid index j ∈ [⌈

√
T ⌉]. Recall that nj

t :=
∑

τ∈Φt
1[bτ ≥ bj ]. Note that by definition in (4),

1√
T

∣∣∣∣∣∣
∑
i≤j

G(bi)− Ĝt(b
i)

∣∣∣∣∣∣ = 1√
T

∣∣∣∣∣∣
∑
i≤j

∑
k≤i

pk − p̂kt

∣∣∣∣∣∣
=

1√
T

∣∣∣∣∣∣
∑
i≤j

∑
k≤i

∑
τ∈Φt

1[bτ ≥ bk]
(
pk − 1[bk < mτ ≤ bk+1]

)∑
τ∈Φt

1[bτ ≥ bk]

∣∣∣∣∣∣
=

1√
T

∣∣∣∣∣∣
∑
τ∈Φt

∑
i≤j

∑
k≤i

1[bτ ≥ bk]

nk
t

(
pk − 1[bk < mτ ≤ bk+1]

)∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
τ∈Φt

∑
k≤j

j − k√
T

1[bτ ≥ bk]

nk
t

(
pk − 1[bk < mτ ≤ bk+1]

)∣∣∣∣∣∣.
To handle this term, denote Xτ :=

∑
k≤j

j−k√
T

1[bτ≥bk]

nk
t

(
pk − 1[bk < mτ ≤ bk+1]

)
. Clearly E[Xτ ] = 0 as E[1[bk < mτ ≤

bk+1]] = pk. Additionally, since nk
t ≥ nj

t for every k ≤ j and j−k√
T
≤ 1, we always have the range of Xτ be smaller than

1

nj
t

. Since it is mean-zero, we also have

E[X2
τ ] = Var(Xτ ) ≤

∑
k≤j

(j − k)2

T
Var

(
1[bτ ≥ bk]

nk
t

(
pk − 1[bk < mτ ≤ bk+1]

))

≤
∑
k≤j

Var

(
1[bτ ≥ bk]

nk
t

(
pk − 1[bk < mτ ≤ bk+1]

))

=
∑
k≤j

1[bτ ≥ bk]

(nk
t )

2
· E[(pk − 1[bk < mτ ≤ bk+1])2]

=
∑
k≤j

1[bτ ≥ bk]

(nk
t )

2
pk(1− pk)

≤
∑
k≤j

1[bτ ≥ bk]

(nk
t )

2
pk.

By the assumption in the lemma statement, the variables (Xτ )τ∈Φt
are conditionally independent. Consequently,

∑
τ∈Φt

Var(Xτ ) =
∑
τ∈Φt

E
[
X2

τ

]
≤
∑
τ∈Φt

∑
k≤j

1[bτ ≥ bk]

(nk
t )

2
pk =

∑
k≤j

pk

nk
t

.

So by Bernstein’s inequality, with probability at least 1− T−4/2, we have∣∣∣∣∣∑
τ∈Φt

Xτ

∣∣∣∣∣ ≤ 8

√√√√log(SKT )
∑
k≤j

pk

nk
t

+
8 log(SKT )

nj
t

. (12)

By taking a union bound over j ∈ [⌈
√
T ⌉], with probability at least 1− T−3/2, for every bj we have

1√
T

∣∣∣∣∣∣
∑
i≤j

G(bi)− Ĝt(b
i)

∣∣∣∣∣∣ ≤ 8

√√√√log T
∑
k≤j

pk

nk
t

+
8 log T

nj
t

. (13)

11
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Since pk is unknown, we consider the initial estimator p̂k0 . By (29) and (30) in Appendix C.6 in Han et al. (2025), with
probability at least 1− T−4, it holds that

pk ≤ 2p̂k0 +
12 log T

⌈
√
T ⌉

(14)

p̂k0 ≤ 2pk +
12 log T

⌈
√
T ⌉

. (15)

Combining (13) and (14) gives

1√
T

∣∣∣∣∣∣
∑
i≤j

G(bi)− Ĝt(b
i)

∣∣∣∣∣∣ ≤ 8

√√√√log T
∑
k≤j

2

nk
t

(
p̂k0 +

12 log T

⌈
√
T ⌉

)
+

8 log T

nj
t

.

The same bound applies to the first claim on
∣∣∣G(bj)− Ĝt(b

j)
∣∣∣: By definition, for each bid index j ∈ [⌈

√
T ⌉],

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣ =

∣∣∣∣∣∣
∑
i≤j

pi − p̂it

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
i≤j

∑
τ∈Φt

1[bτ ≥ bi]
(
pi − 1[bi < mτ ≤ bi+1]

)∑
τ∈Φt

1[bτ ≥ bi]

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
τ∈Φt

∑
i≤j

1[bτ ≥ bi]

ni
t

(
pi − 1[bi < mτ ≤ bi+1]

)∣∣∣∣∣∣.
Following the same argument, with probability at least 1− T−3/2, for every bj we have

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣ ≤ 8

√√√√log T
∑
k≤j

pk

nk
t

+
8 log T

nj
t

(16)

which can be combined with (14) as well. Taking the union bound over (13), (16), and (14) completes the proof.

B. Proof of Lemma 4.1
Proof. First consider the bias of this estimator. By definition in (5), we have

∣∣E[ẽt(b)]− θ⊤∗ xt

∣∣ = ∣∣∣∣∣E
[
1[b ≥Mt]

Ĝt(b)
vt,1 − vt,1 −

1[b < Mt]

1− Ĝt(b)
vt,0 + vt,0

]∣∣∣∣∣
≤

∣∣∣∣∣E
[
1[b ≥Mt]

Ĝt(b)
− 1

]∣∣∣∣∣+
∣∣∣∣∣E
[
1[b < Mt]

1− Ĝt(b)
− 1

]∣∣∣∣∣
=

∣∣∣G(b)− Ĝt(b)
∣∣∣

Ĝt(b)
+

∣∣∣G(b)− Ĝt(b)
∣∣∣

1− Ĝt(b)

(a)
≤ ut(b)

(
1

Ĝt(b)
+

1

1− Ĝt(b)

)
(b)
≤ 2ut(b)σt(b)

where (a) applies
∣∣∣Ĝt(b)−G(b)

∣∣∣ ≤ ut(b) by assumption, and (b) applies 1

Ĝt(b)
+ 1

1−Ĝt(b)
≤ 2

min{Ĝt(b),1−Ĝt(b)}
≤

2

Ĝt(b)(1−Ĝt(b))
.
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Next, the bound on variance is as follows:

Var(ẽt(b)) ≤ E[ẽt(b)2]
(c)
≤ 2E[1[b ≥Mt]]

Ĝt(b)2
+

2E[1[b < Mt]]

(1− Ĝt(b))2

≤ 2

Ĝt(b)2
+

2

(1− Ĝt(b))2

≤ 4σt(b)
2

where (c) follows from the AM-GM inequality (a+ b)2 ≤ 2a2 + 2b2.

C. Proof of Lemma 4.3
Proof. Let the bias of the IPW estimator in (5) at time τ be ζτ := E[ẽτ (bτ )]− θ⊤∗ xτ . During the remaining of this proof, we
denote Dt = [σ−1

τ xτ ]τ∈Φt
∈ Rd×|Φt| as the weighted contexts, Vt = [σ−1

τ ẽτ (bτ )]τ∈Φt
∈ R|Φt|×1 the weighted estimators,

and Zt = [σ−1
τ ζτ ]τ∈Φt

∈ R|Φt|×1 the weighted biases, where σ−1
τ = στ (bτ )

−1 = Ĝt(bτ )
(
1− Ĝt(bτ )

)
as defined in

(6). Recall that in Algorithm 1, we have At = I +DtD
⊤
t . With θ̂t defined in Algorithm 1, we can decompose the value

estimation error by

θ̂⊤t xt − θ⊤∗ xt = x⊤
t A

−1
t DtVt − x⊤

t A
−1
t

(
I +DtD

⊤
t

)
θ∗

= x⊤
t A

−1
t Dt

(
Vt − Zt −D⊤

t θ∗
)
+ x⊤

t A
−1
t DtZt − x⊤

t A
−1
t θ∗.

Since ∥θ∗∥2 ≤ 1 and |x⊤
t A

−1
t θ∗| ≤ ∥x⊤

t A
−1
t ∥2, this gives∣∣∣θ̂⊤t xt − θ⊤∗ xt

∣∣∣ ≤ ∣∣x⊤
t A

−1
t Dt

(
Vt − Zt −D⊤

t θ∗
)∣∣+ ∣∣x⊤

t A
−1
t DtZt

∣∣+ ∥x⊤
t A

−1
t ∥2. (17)

Since At = I +DtD
⊤
t ⪰ I , the last term is upper bounded by

∥x⊤
t A

−1
t ∥2 =

√
x⊤
t A

−1
t IA−1

t xt ≤
√
x⊤
t A

−1
t xt = ∥xt∥A−1

t
.

Next we address the first term in (17). Note that

x⊤
t A

−1
t Dt

(
Vt − Zt −D⊤

t θ∗
)
=
∑
τ∈Φt

x⊤
t A

−1
t σ−2

τ xτ ε̃τ

where the noise ε̃τ = ẽτ (bτ )− θ⊤∗ xτ − ζτ satisfies the followings:

• (ε̃τ )τ∈Φt
are conditionally independent given (xτ , bτ ,Mτ )τ∈Φt

by the lemma statement;

• E[ε̃τ ] = 0;

• |ε̃τ | ≤ |ẽτ (bτ )| ≤ 2max

{
Ĝτ (bτ )

−1,
(
1− Ĝτ (bτ )

)−1
}
≤ 2στ ;

• Var(ε̃τ ) = Var(ẽτ (bτ )) ≤ 4σ2
τ by Lemma 4.1.

Then for every τ ∈ Φt, we have

• Var
(
x⊤
t A

−1
t σ−2

τ xτ ε̃τ
)
≤
∣∣x⊤

t A
−1
t σ−1

τ xτ

∣∣2σ−2
τ Var(ε̃τ ) ≤ 4

∣∣x⊤
t A

−1
t σ−1

τ xτ

∣∣2;
•
∣∣x⊤

t A
−1
t σ−2

τ xτ ε̃τ
∣∣ ≤ 2

∣∣x⊤
t A

−1
t xτ

∣∣ ≤ 2∥x⊤
t A

−1
t ∥2 ≤ 2∥xt∥A−1

t
.

13



715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769

The (Marginal) Value of a Search Ad: An Online Causal Framework for Repeated Second-price Auctions

By Bernstein’s inequality (Lemma H.1), with probability at least 1− T−3,∣∣∣∣∣∑
τ∈Φt

x⊤
t A

−1
t σ−2

τ xτ ε̃τ

∣∣∣∣∣ ≤
√
8 log(2T 3)

∑
τ∈Φt

∣∣x⊤
t A

−1
t σ−1

τ xτ

∣∣2 + 4

3
log
(
2T 3

)
∥xt∥A−1

t

=

√
8 log(2T 3)∥x⊤

t A
−1
t Dt∥22 +

4

3
log
(
2T 3

)
∥xt∥A−1

t

(a)
≤
√
8 log(2T 3)∥xt∥2A−1

t

+
4

3
log
(
2T 3

)
∥xt∥A−1

t

≤ 14 log T∥xt∥A−1
t

where (a) follows from ∥x⊤
t A

−1
t Dt∥22 = x⊤

t A
−1
t DtD

⊤
t A

−1
t xt ≤ xtA

−1
t xt = ∥xt∥A−1

t
as At = I +DtD

⊤
t ⪰ DtD

⊤
t .

Finally, we bound the middle term in (17). We can write

∣∣x⊤
t A

−1
t DtZt

∣∣ (b)
≤ ∥xtA

−1
t ∥At∥DtZt∥A−1

t
= ∥xt∥A−1

t
∥DtZt∥A−1

t
= ∥xt∥A−1

t

√
Z⊤
t D⊤

t A
−1
t DtZt

(c)
≤ ∥xt∥A−1

t
∥Zt∥2

where (b) applies Cauchy-Schwartz inequality and (c) applies Woodbury matrix identity with D⊤
t AtDt = D⊤

t (I +
DtD

⊤
t )

−1Dt ⪯ I . Applying Lemma 4.1 on the following term completes the proof:

∥Zt∥2 =

√∑
τ∈Φt

σ−2
τ ζ2τ ≤ 4

√∑
τ∈Φt

u2
τ .

D. Proof of Lemma 4.4
To be explicit, the constant in Lemma 4.4 is

C(λ, ω) = min

{
c · ϵ
2

,
1− 4ϵ− λ

2

}
;

the dependence on ϵ is ignored because ϵ is of the bidder’s choice and depends on the problem’s parameters (ω, λ). The
proof of this lemma consists of three parts. First, we show that the confidence widths wt,0 and wt,1 are valid via Lemma
D.1. Then we show in Lemma D.2 that, over the interval found by Algorithm 2, the estimated CDF value is bounded away
from 1, and the optimal bid lies in the chosen interval. Finally, we show that the chosen index q ∈ {0, 1} gives the smaller
width in Lemma D.3.

Lemma D.1. Suppose the event in Lemma 3.1 holds. Also suppose |G(bj)− Ĝt(b
j)| ≤ ut(b

j) and

1√
T

∣∣∣∣∣∣
∑
i≤j

G(bi)−
∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣ ≤ ut(b
j)

for each bj ∈ B for the given width function ut in Algorithm 1. Then it holds that

|rt,0(b)− r̂t,0(b)| ≤ ϵ · wt,0(b)

and
|rt,1(b)− r̂t,1(b)| ≤ ϵ · wt,1(b)

for every discretized bid b ∈ B.
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Proof. We will present the proof for the first formulation rt,0, as the proof for the other formulation follows verbatim. Fix
any bj ∈ B. By definition, we have

|rt,0(bj)− r̂t,0(b
j)| =

∣∣∣∣∣∣G(bj)θ⊤∗ xt −G(bj)bj +

∫ bj

0

G(m)dm− Ĝt(b
j)θ̂⊤t xt + Ĝ(bj)bj − 1√

T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣
≤
∣∣∣G(bj)(θ⊤∗ xt − bj)− Ĝt(b

j)(θ⊤∗ xt − bj)
∣∣∣+ ∣∣∣Ĝt(b

j)θ⊤∗ xt − Ĝt(b
j)θ̂⊤t xt

∣∣∣
+

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

G(bi)

∣∣∣∣∣∣+
∣∣∣∣∣∣ 1√

T

∑
i≤j

G(bi)− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣.
To proceed, we address each term separately. First,∣∣∣G(bj)(θ⊤∗ xt − bj)− Ĝt(b

j)(θ⊤∗ xt − bj)
∣∣∣ ≤ |G(bj)− Ĝt(b

j)| ≤ ut(b
j) (18)

since |θ⊤∗ xt − bj | ≤ 1. Similarly,∣∣∣Ĝt(b
j)θ⊤∗ xt − Ĝt(b

j)θ̂⊤t xt

∣∣∣ = Ĝt(b
j)
∣∣∣θ⊤∗ xt − θ̂⊤t xt

∣∣∣ ≤ Ĝt(b
j)γ∥xt∥A−1

t
(19)

by Lemma 4.3. The third term is bounded as∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

G(bi)

∣∣∣∣∣∣ = 1√
T

∑
i≤j

G(bi)−
∫ bj

0

G(m)dm

=
1√
T

∑
i≤j

G(bi)−
∑
i≤j

∫ bi

bi−1

G(m)dm

(a)
≤
∑
i≤j

G(bi)−G(bi−1)√
T

=
G(bj)√

T
≤ 1√

T
(20)

where (a) because bi − bi−1 = 1√
T

. The last term is bounded by ut(b
j) by the statement assumption. Combining this with

(18–20) and the definition of wt,0 completes the proof.

Lemma D.2. Let c = ω
4 and [bL, bR] be the interval found in Algorithm 2. It holds that

(1) argmaxb∈B rt(b) ∈ [bL, bR];

(2) Ĝt(bR)− Ĝt(bL) ≤ 1− ϵ, for any ϵ ∈ (0, 1), when

∣∣v̂ − θ⊤∗ xt

∣∣+ argmax
bj∈B

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣+
∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣ ≤ min

{
c · ϵ
2

,
1− 4ϵ− λ

2

}
.

Proof. Recall the definitions in Algorithm 2 that the perturbed bid optimizers are b+ = argmaxbj∈B Ĝt(b)(v̂ + c) −
1√
T

∑
i≤j Ĝt(b

i) and b− = argmaxbj∈B Ĝt(b)(v̂ − c) − 1√
T

∑
i≤j Ĝt(b

i). The set is S = {b ∈ B : Ĝt(b−) − c ≤
Ĝt(b) ≤ Ĝt(b+) + c} and the final endpoints are bL = minS, and bR = maxS. Write bj∗ = argmaxb∈B rt(b) and

15
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vt = θ⊤∗ xt for simplicity. We have

Gt(b
j∗)(vt − bj∗) +

∫ bj∗

0

G(m)dm ≤ Ĝt(b
j∗)(vt − bj∗) +

∣∣∣∣∣G(bj∗)(vt − bj∗)− Ĝt(b
j∗)(vt − bj∗) +

∫ bj∗

0

G(m)dm

∣∣∣∣∣
≤ Ĝt(b

j∗)(vt − bj∗) +
1√
T

∑
i≤j∗

Ĝt(b
i) + argmax

bj∈B

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣+

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣
≤ Ĝt(b

j∗)(v̂t − bj∗) +
1√
T

∑
i≤j∗

Ĝt(b
i) + |v̂t − vt|+ argmax

bj∈B

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣+

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣
≤ Ĝt(b

j∗)(v̂t − c− bj∗) +
1√
T

∑
i≤j∗

Ĝt(b
i) + |v̂t − vt|+ argmax

bj∈B

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣+

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣+ cĜt(b
j∗)

≤ Ĝt(b−)(v̂t − c− b−) +
1√
T

∑
i≤j(b−)

Ĝt(b
i) + |v̂t − vt|+ argmax

bj∈B

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣+

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣+ cĜt(b
j∗)

≤ G(b−)(v̂t − b−) +

∫ b−

0

G(m)dm+ |v̂t − vt|+ argmax
bj∈B

2
∣∣∣G(bj)− Ĝt(b

j)
∣∣∣+ 2

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣+ c(Ĝt(b
j∗)− Ĝt(b−))

≤ G(b−)(vt − b−) +

∫ b−

0

G(m)dm+ 2|v̂t − vt|+ argmax
bj∈B

2
∣∣∣G(bj)− Ĝt(b

j)
∣∣∣+ 2

∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣+ c(Ĝt(b
j∗)− Ĝt(b−))

where we denote the index of the bid b− ∈ B as b− = bj(b−). Since Gt(b−)(vt − b−) +
∫ b−
0

G(m)dm ≤ Gt(b
j∗)(vt −

bj∗) +
∫ bj∗

0
G(m)dm, this implies

Ĝt(b
j∗) ≥ Ĝt(b−)−

2

c

|v̂ − vt|+ argmax
bj∈B

∣∣∣G(bj)− Ĝt(b
j)
∣∣∣+
∣∣∣∣∣∣
∫ bj

0

G(m)dm− 1√
T

∑
i≤j

Ĝt(b
i)

∣∣∣∣∣∣


≥ Ĝt(b−)− ϵ

where the second inequality comes from the lemma assumption. The other direction holds under a symmetric argument,
giving Ĝt(b

j∗) ≤ Ĝt(b+) + ϵ. Therefore, bj∗ ∈ [bL, bR] by definition.

For the second claim, since B ⊆ [0, 1] is a 1√
T
−discretization, Lemma H.5 implies Ĝt(b+)− Ĝt(b−) ≤ 1− 4ϵ. Finally, we

have
Ĝt(bR)− Ĝt(bL) ≤ 1− 4ϵ+ 2ϵ = 1− ϵ

as desired.

Lemma D.3. Suppose the conditions in Lemma 4.4 hold. For the index q ∈ {0, 1} returned by Algorithm 2 with perturbation
c = ω

4 , it holds that wt,q(b) = min{wt,0(b), wt,1(b)} for every bid b ∈ [bL, bR], and argmaxb∈B rt(b) ∈ [bL, bR].

Proof. Recall that q = 1[Ĝt(bL) ≥ ϵ]. By Lemma D.2, it holds that argmaxb∈B rt(b) ∈ [bL, bR] and Ĝt(bR)− Ĝt(bL) ≤
1− 2ϵ. Consider a case study. Suppose q = 0 and Ĝt(bL) < ϵ, which implies Ĝt(bR) < 1− ϵ. Then for every b ∈ [bL, bR],

Ĝt(b) < 1− ϵ =⇒ 1− Ĝt(b)

ϵ
> 1 > Ĝt(b).

Plugging in this to the definitions of wt,0 and wt,1 in Algorithm 1 shows

ϵ · wt,0(b) ≤ min{wt,0(b), wt,1(b)}.

A similar argument for q = 1 completes the proof.
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E. Proof of Lemma 4.6
Proof. This result is proved via an inductive argument over the levels ℓ ∈ [L]. For the sake of clarity, the inductive hypothesis
is: b̂∗t ∈ Bℓ and rt(̂b

∗
t )− r̂t(b) ≤ 8 · 2−ℓ. For ℓ = 1, the claim trivially holds by the boundedness of rt. Now suppose the

claim holds up to the level ℓ− 1.

For clarity, let qℓ ∈ {0, 1} denote the UCB index returned by Algorithm 1 at level ℓ. When Algorithm 3 reached the
elimination step in Line 19 at level ℓ− 1, it holds that

w
(ℓ−1)
t,qℓ−1

(b) ≤ 2−(ℓ−1) for every b ∈ Bℓ−1.

Since b̂∗t ∈ Bℓ−1, by Lemma D.1, it holds that

r̂
(ℓ−1)
t,qℓ−1

(̂b∗t ) ≥ rt,qℓ−1
(̂b∗t )− 2−(ℓ−1) ≥ rt,qℓ−1

(b)− 2−(ℓ−1) ≥ r̂
(ℓ−1)
t,qℓ−1

(b)− 2 · 2−(ℓ−1).

Together with Lemma D.2 that b̂∗t ∈ I
(ℓ−1)
t , this implies that b̂∗t is not eliminated, i.e. b̂∗t ∈ Bℓ. To see the second claim in

the hypothesis, note that for every b ∈ Bℓ,

rt(̂b
∗
t )− rt(b) = rt,qℓ−1

(̂b∗t )− rt,qℓ−1
(b)

≤ r̂t,qℓ−1
(̂b∗t )− r̂t,qℓ−1

(b) + w
(ℓ−1)
t,qℓ−1

(̂b∗t ) + w
(ℓ−1)
t,qℓ−1

(b)

≤ r̂t,qℓ−1
(̂b∗t )− r̂t,qℓ−1

(b) + 2 · 2−(ℓ−1)

(a)
≤ 4 · 2−(ℓ−1) = 8 · 2−ℓ

where (a) follows from the elimination criterion for Bℓ that

max
b′∈Bℓ−1

r̂t,qℓ−1
(b′)− 2 · 2−(ℓ−1) ≤ r̂t,qℓ−1

(b) ≤ max
b′∈Bℓ−1

r̂t,qℓ−1
(b′)

for every b ∈ Bℓ and, in particular, b̂∗t .

F. Proof of Lemma 4.7
Proof. Let bt = bjt ∈ B. Fix any level ℓ ∈ [L] and we suppress the notation on ℓ for the notations (e.g. Φ(ℓ)

t , u(ℓ)
t , γ, At)

throughout the remaining proof. Let γt denote the parameter γ = 1 + 14 log T + 4
√∑

τ∈Φt
u2
τ in Algorithm 1. Recall

from the definitions that∑
τ∈Φt

min{wt,0(bt), wt,1(bt)} =
1

ϵ

∑
τ∈Φt

(
min{Ĝt(bt), 1− Ĝt(bt)}γt∥xt∥A−1

t
+ 4ut(bt) +

2√
T

)
(21)

where ϵ is any constant picked by the bidder such that 1−4ϵ−λ
2 > 0 as mentioned in Section 2.1. To proceed, we consider the

sum over each term respectively. First, recall that At = I +
∑

τ∈Φt
σ−2
τ xτx

⊤
τ where σ−1

τ = Ĝτ (bτ )(1− Ĝτ (bτ )). Then∑
t∈ΦT+1

min{Ĝt(bt), 1− Ĝt(bt)}γt∥xt∥A−1
t
≤

∑
t∈ΦT+1

2Ĝt(bt)(1− Ĝt(bt))γT ∥xt∥A−1
t

= 2
∑

t∈ΦT+1

γT ∥σ−1
t xt∥A−1

t

(a)
≤ γT

√
8d|ΦT+1| log

(
1 +
|ΦT+1 − 1|

d

)
(b)
≤
√
8dT log2 T (22)
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where (a) follows Lemma H.3. To see (b), recall that the initialization guarantees the number of observations nj
t ≥
√
T log T

for all t ∈ ΦT+1. By definition in (9), it holds that

γT = 1 + 14 log T + 4

√ ∑
t∈ΦT+1

u2
t

(c)
= O

log T +

√√√√ ∑
t∈ΦT+1

∑
k≤jt

log T

nk
t

(
p̂k0 +

log T√
T

)
+

log2 T

(nj
t )

2


(d)
≤ O

log T +

√√√√ ∑
t∈ΦT+1

∑
k≤jt

log T

nk
t

(
pk +

log T√
T

)
+

log2 T

T log2 T


≤ O

log T +

√√√√1 +
∑

t∈ΦT+1

∑
k≤jt

log T

nk
t

(
pk +

log T√
T

)
(e)
≤ O

(
log T +

√
1 + log3 T

)
= O(log

3
2 T )

where (c) applies the elementary inequality (a + b) ≤ 2a2 + 2b2, (d) applies (15), and (e) invokes Lemma H.4 with
vj = pj + log T/

√
T . The second term is bounded similarly: by Cauchy-Schwartz inequality,

∑
t∈ΦT+1

ut(bt) ≤
√
T

√ ∑
t∈ΦT+1

ut(bt)2 ≤ γT
√
T = O(

√
T log

3
2 T ). (23)

Plugging (22) and (23) into (21) completes the proof.

G. Proof of Lower Bound
In this section, we prove the lower bound in Theorem 2.6. At a high level, we divide the horizon equally into d equal
subhorizons and embed an independent lower bound instance to each of them. First, we have an existing non-contextual
lower bound:

Theorem G.1. Let vt,0 ≡ 0 and i.i.d. HOB that follows a known distribution:

mt ∼
1

2
Unif[0, 1] +

1

2
δ 1

4+∆

where δm denotes the point mass at mt = m and ∆ = 1
4
√
T

. Consider a special family of instances where vt,1 ∼ Bern(µ)

for an unknown mean µ. Then

inf
π

sup
µ∈[0,1]

E

[
T∑

t=1

max
b∗∈[0,1]

rt(b
∗)− rt(bt)

]
= Ω(

√
T ).

Proof. This proof will use Le Cam’s two-point lower bound. Let µ1 = 1
4 and µ2 = 1

4 + 2∆. Let r(i)t (b) = G(b)(µi − b) +∫ b

0
G(m)dm be the expected payoff for each setting i = 1, 2. Clearly, the maximizing bids are

argmax
b∈[0,1]

r
(1)
t (b) = µ1 and argmax

b∈[0,1]

r
(2)
t (b) = µ2

respectively (Vickrey, 1961). Now we show that no bid can perform well under both settings. Without loss of generality, we
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may focus on bids bt ∈ [µ1, µ2] =
[
1
4 ,

1
4 + 2∆

]
. For any bid 1

4 ≤ bt <
1
4 +∆, we have

r
(1)
t (µ1)− r

(1)
t (bt) + r

(2)
t (µ2)− r

(2)
t (bt) ≥ r

(2)
t (µ2)− r

(2)
t (bt)

=

∫ µ2

0

G(m)dm−G(bt)(µ2 − bt)−
∫ bt

0

G(m)dm

=

∫ µ2

bt

(G(m)−G(bt))dm

≥ ∆ · 1
2
=

∆

2
(24)

where the last line follows from the construction of G and that bt < 1
4 +∆ ≤ µ2 −∆. Similarly, if 1

4 +∆ ≤ bt ≤ 1
4 + 2∆,

then

r
(1)
t (µ1)− r

(1)
t (bt) + r

(2)
t (µ2)− r

(2)
t (bt) ≥ r

(1)
t (µ1)− r

(1)
t (bt)

=

∫ µ1

0

G(m)dm−G(bt)(µ1 − bt)−
∫ bt

0

G(m)dm

=

∫ bt

µ1

(G(bt)−G(m))dm

≥ ∆ · 1
2
=

∆

2
. (25)

Now fix any policy π. For each environment defined by µi with i = 1, 2, the interaction with π gives rise to the distribution
P⊗T
i over the horizon T . We denote the environment-specific regret as

Ri(π) = EP⊗T
i

[
T∑

t=1

max
b∗∈[0,1]

r
(i)
t (b∗)− r

(i)
t (bt)

]
where the bids bt are chosen by policy π. Standard Le Cam analysis leads to:

R1(π) +R2(π) =

T∑
t=1

P⊗t
1

(
max

b∗∈[0,1]
E[r(1)t (b∗)− r

(1)
t (bt)]

)
+ P⊗t

2

(
max

b∗∈[0,1]
E[r(2)t (b∗)− r

(2)
t (bt)]

)
(a)
≥ ∆

2

T∑
t=1

∫
min

{
dP⊗t

1 , dP⊗t
2

}
(b)
=

∆

2

T∑
t=1

(
1− ∥P⊗t

1 − P⊗t
2 ∥TV

)
(c)
≥ ∆T

2

(
1−

∥∥P⊗T
1 − P⊗T

2

∥∥
TV

)
where (a) is by (24) and (25), (b) uses

∫
min{dP,dQ} = 1 − ∥P − Q∥TV, and (c) follows from the data processing

inequality for the total variation distance. By the chain rule of KL divergence and an elementary inequality for KL divergence
between Bernoulli distributions, it holds that

DKL

(
Bern(p)⊗T ∥Bern(q)⊗T

)
= T ·DKL(Bern(p)∥Bern(q)) ≤ T

(p− q)2

q(1− q)
.

Then by Lemma H.2, we arrive at

R1(π) +R2(π) ≥
∆T

4
exp
(
−cT∆2

)
.

for some absolute constant c > 0. Finally, plugging in the choice of ∆ = 1
4
√
T

leads to

max
i=1,2

Ri(π) ≥
R1(π) +R2(π)

2
= Ω(

√
T ),

which completes the proof.
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Next, we prove the contextual lower bound in Theorem 2.6.

Proof of Theorem 2.6. The proof proceeds by embedding the noncontextual lower bound instance in Theorem G.1 in the
contextual case in Theorem 2.6. Again, consider the special case where vt,0 ≡ 0.

Suppose first d ≥ 2, and let

θ∗ =

(
1

2
,Unif

({
0, 4∆

}d−1
))

,

with ∆ = 1
4

√
d−1
T . Since T ≥ d2, it holds that ∥θ∗∥2 ≤ 1. We divide the time horizon T into d− 1 sub-horizons Tn for

n = 1, . . . , d− 1 with equal length T
d−1 . The context during the sub-horizon Tn is chosen to be

xt =

(
1

2
, 0, . . . , 0,

1

2
, 0, . . . , 0

)
where the second 1

2 appears in the (n+ 1)-th entry. The HOB distribution for mt is again the i.i.d. distribution in Theorem
G.1. Note that by construction, each sub-horizon becomes an independent learning sub-problem. Therefore, we can
decompose the regret R(π) into the sum of regrets from d− 1 independent sub-problems, each of time duration T

d−1 . By
Theorem G.1, we have

inf
π

R(π) = (d− 1) · Ω

(√
T

d− 1

)
= Ω(

√
dT ).

Finally, consider the case d = 1. We simply let

θ∗ ∼ Unif

({
1

4
,
1

4
+ 2∆

})
with ∆ = 1

4
√
T

and xt ≡ 1. Then applying Theorem G.1 again gives the desired regret lower bound Ω(
√
T ).

H. Auxiliary Lemmata
Lemma H.1 (Bernstein’s inequality in (Boucheron et al., 2003)). Consider independent random variables X1, . . . , Xn ∈
[a, b]. We have

P

(∣∣∣∣∣
n∑

i=1

Xi −
n∑

i=1

E[Xi]

∣∣∣∣∣ ≥ ε

)
≤ 2 exp

(
− ε2

2(σ2 + ε(b− a)/3)

)
for any ε > 0, where σ2 =

∑n
i=1 Var(Xi).

In particular, it implies the following confidence bound: for any δ ∈ (0, 1), with probability at least 1− δ, we have

1

n

∣∣∣∣∣
n∑

i=1

Xi −
n∑

i=1

E[Xi]

∣∣∣∣∣ ≤
√

2σ2/n log(2/δ)

n
+

2(b− a) log(2/δ)

3n
.

Lemma H.2 (Bretagnolle–Huber inequality (Bretagnolle & Huber, 1978)). Let P,Q be two probability measures on the
same probability space. Then

1− ∥P −Q∥TV ≥
1

2
exp(−DKL(P∥Q))

where ∥·∥TV denotes the total variation distance, and DKL denotes the KL divergence.

Lemma H.3 (Elliptical potential lemma (Abbasi-Yadkori et al., 2011; Wen et al., 2025a)). For any given vectors {zτ}t−1
τ=1

in Rd with ∥zτ∥2 ≤ 1, let the Gram matrix be As = I +
∑

τ<s zτz
⊤
τ and for every 1 ≤ s ≤ t. It holds that

∑
τ<t

∥zτ∥2A−1
τ
≤ 2d log

(
1 +

t− 1

d

)
.
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In particular, by Cauchy-Schwartz inequality,

∑
τ<t

∥zτ∥A−1
τ
≤

√
2d(t− 1) log

(
1 +

t− 1

d

)
.

Lemma H.4 (Lemma 16 in Han et al. (2025)). Let nj
t be defined as in (10) for any fixed level in Algorithm 3 and (v1, . . . , vJ)

be a sequence of any nonnegative numbers such that
∑J

j=1 vj = s. Then it holds that∑
t∈ΦT+1

∑
j≤jt

vj

nj
t

≤ s(1 + log T ).

H.1. Auction-related Auxiliary Lemmata

Lemma H.5 (Bounded Optimizer Gap under Value Perturbation). Let G be a (ω, λ)-locally-bounded CDF on [0, 1] with
ω, λ ∈ (0, 1) (c.f. Definition 2.4), and Ĝ be another CDF with supb∈B|G(b) − Ĝ(b)| ≤ 1−ϵ−λ

2 . Let B ⊆ [0, 1] be a
1√
T

-discretization with
√
T > 4

ω . Denote b̂∗(v) = argmaxb∈B Ĝ(b)(v − b) +
∫ b

0
Ĝ(m)dm with tie broken by taking the

bid closest to the value v. For any v1 ≤ v2, if v2 − v1 ≤ ω
2 , then

|Ĝ(̂b∗(v2))− Ĝ(̂b∗(v1))| ≤ 1− ϵ.

Proof. Since we are in an SPA, it is known that b̂∗(v1) = v1 and b̂∗(v2) = v2 when the bid space is continuous (Vickrey,
1961). Here B is a 1√

T
-discretization, so we have |̂b∗(v1)− v1| ≤ 1√

T
and |̂b∗(v2)− v2| ≤ 1√

T
, and also b̂∗(v1) ≤ b̂∗(v2).

For the sake of simplicity, write b1 = b̂∗(v1) and b2 = b̂∗(v2). By monotonicity of Ĝ, we have Ĝ(b1) ≤ Ĝ(b2). For the sake
of contradiction, assume Ĝ(b2)− Ĝ(b1) > 1− λ. Since |b1 − b2| ≤ |v1 − v2|+ 2√

T
< ω and G is (ω, λ)-locally-bounded,

we have
1− ϵ < Ĝ(b2)− Ĝ(b1) ≤ (1− ϵ− λ) +G(b2)−G(b1) ≤ 1− ϵ,

which gives a contradiction. This completes the proof.
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