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Abstract

Towards understanding the fundamental limits of estimation from data of varied quality, we
study the problem of estimating a mean parameter from heteroskedastic Gaussian observations
where the variances are unknown and may vary arbitrarily across observations. While a simple
linear estimator with known variances attains the smallest mean squared error, estimation with-
out this knowledge is challenging due to the large number of nuisance parameters. We propose
a simple and principled approach based on empirical Bayes: model the observations as if they
were i.i.d. from a normal scale mixture and compute the profile maximum likelihood estimator
(MLE) for the mean, treating the nonparametric mixing distribution as nuisance. Our result
shows that this estimator achieves near-optimal error bounds across various heteroskedastic
models in the literature. In particular, for the subset-of-signals problem where an unknown
subset of observations has small variance, our estimator adaptively achieves the minimax rate
for all signal sizes, including the sharp phase transition, without any tuning parameters.

One of our key technical steps is a sharper metric entropy bound for normal scale mixtures,
obtained via Chebyshev approximations on a transformed polynomial basis. This approach
yields an improved polylogarithmic, rather than polynomial, dependence on the variance ratio,
which could be of independent interest.
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1 Introduction

Estimation of a signal from heterogeneous data lies at the heart of statistics and machine learning.
The heterogeneity can arise from variations in data quality, measurement precision, or sampling
conditions and is ubiquitous in real-world applications. Thus, it is a fundamental statistical challenge
to develop principled methods that allow one to estimate signals robustly from heterogeneous data
with minimal knowledge of the data quality.

Perhaps the simplest abstraction of this general objective is estimation of a single one dimensional
parameter from data of varying quality. In particular, given independent observations X1,..., X,
with X; ~ N(p, 01-2), the learner’s target is to estimate the mean parameter u € R. Even in
this simple one dimensional setting, heterogeneity leads to statistical challenges. In the case when
(01,...,04) are known, the maximum likelihood estimator (MLE) for y is

X;
Hknown—o = Ta (1)
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which is also the uniformly minimum-variance unbiased estimator (UMVUE) and achieves the op-
timal error rate of E[| — pul] = (307, %)*1/2. The key aspect of this estimator is that this bound
is robust to large variances. For example, if there are n/2 variances that are large while the other
n/2 variances are small, then the error rate is still O(1/y/n), as the large variances are effectively

ignored in the weighted average. Compare this to the error of the sample average 1 = %2?21 X,



which has error rate E[(fi — p)?] = % S, o2 and could be arbitrarily large even if a single variance
is large. On the other hand, fixnown—o critically relies on the knowledge of (o1, ..., 0,), which could
not be estimated reliably simply because the number of unknown parameters n+ 1 is more than the
number of observations n while the sample average 71 is oblivious to the knowledge of (o1,...,0,).
The key question that we would like to address is:

Are there general principled methods that allow one to estimate signals robustly from
heterogeneous data with minimal knowledge of the data quality?

An important special case considered in the literature is the “subset of signals” problem [LY20],
where it is assumed that | {i € [n]: 0; <1} | > m, i.e., m out of n observations can be treated as
“signals” (although the location of this subset of signals is still unknown). Even for this simple
setting, the minimax rate has only been recently characterized [CV24]: there exists an estimator 1
with

5(<L)1/2> if logn < m < n1/4,

5((%)1/6> if nl/4 <m < n,

and this dependence on (m,n) (including the phase transition at m =< n'/%) is not improvable
in the worst case.! While the minimax rate is known, existing estimators [CV24] achieving this
minimax rate are often quite complicated, requiring multiple tunable parameters and are reliant on
the particular formulation of the problem, and tend not to lead to unifying statistical principles for
learning from heterogeneous data.

Towards building a unified theory of heteroskedasticity in estimation, we make a perhaps surpris-
ing connection to the study of empirical Bayes methods. Using this connection, we show that the
simple principle of maximum likelihood estimation, in conjunction with an empirical Bayes frame-
work, leads to a unified estimator that achieves the minimax rate adaptively for all ranges of m.

E[fi - | = (2)

In this framework, instead of modeling the heterogeneous variances o1, ..., 0, separately, we model
them using their empirical distribution G,, := %2?21 )y, and treat the observations Xi,..., X,
as if they were i.i.d. drawn from a normal scale mixture f, ¢, (z) = Eooq, [20(%2)], where ¢

~

denotes the standard normal density. Under this i.i.d. model, the joint MLE (f, G) is naturally
defined as

S 1
(,LL, G) = arg max } 5 Z IOg fu7G(Xi)> (3)
i=1

,u'eRvsupp(G) g [Umin ;0max

and the final estimator is simply defined as 1" = [i in (3). In other words, our estimator "B
is the profile MLE [MVdAV00| of p, treating G as a nuisance parameter. Note that the nuisance
estimator G in (3) is a nonparametric MLE (NPMLE), since it may be any probability distribution
supported on [0pin, Omax). In particular, this formulation no longer enforces the structure of an
empirical distribution, nor does it explicitly require the “subset-of-signals” structure G([0, 1]) > .
Here omin, Omax > 0 are hyperparameters used in the MLE and satisfy opmin < 0; < omax for every
i € [n]; further discussion on them are provided later.

"Here and throughout, O(-) hides polylogarithmic factors in n.



1.1 Main results

Our first result shows that, although the estimator PP is developed from an entirely different
principle compared with existing estimators, it nevertheless has an instance-dependent error bound.

Theorem 1.1. Let 0; € [Omin, Omax] for all i € [n]. With probability at least 1 — 0, the estimator

[EB in (3) achieves (the exact logarithmic factor is displayed in Theorem 1.3)

polylog(n, Zmax, %) )

A% — ] < Cwpz g, ( .

where wy2 ¢, (t) is the Hellinger modulus of continuity in the location family:

wH27Gn(t) = sup {|/’L1 - /1/2‘ LU, M2 S Ra H2(fu1,Gn7 fﬂQ,Gn) S t} .

We remark that Theorem 1.1 establishes an upper bound that is competitive with the best oracle
estimator possessing knowledge of GG,,, uniformly over all possible choices of G,. Indeed, even in the
mean estimation problem where X1,..., X, are i.i.d. drawn from f, g, with known G, Le Cam’s
two-point method [LC73, LC86| yields a minimax lower bound of WHQ’Gn(%).Q By comparison, the
radius in the Hellinger modulus of continuity in our upper bound is 9] (%), which essentially matches
this lower bound even when G,, is unknown.

Specializing to several heterogeneous mean estimation models studied in the literature [PJL.22,
DLLZ23], Theorem 1.1 implies the following error bounds, all of which match the best known rates

([PJL22, Table 1| and [DLLZ23, Section 5.1|).

Corollary 1.1. The following high-probability guarantee holds in specific examples:
1. Equal variance: when o; = 1, then a8 — pu| = 5(%),
2. Quadratic variance: when o; =i, then |AFB — u| = O(1);
3. Two variances: when o1 =+ =0y, =1 and o1 = -+ =0p =0 > 1 with m < %, then

B — p| = 6(%) For specific ranges of m, sharper upper bounds can be obtained:

6(%) if m > y/nlogn,

~EB
1" — p| = e
O(1) if \/ =22 +logn < m < y/nlogn.
4. a-mizture distribution: when o1 = --- =0p, =1 and opq1 = -+ = o = n* with m = clogn,

then |AEB — ] = O(n®~Y2) if 0 < a < 1 and |AEB — pu| = O(1) if a > 1.

Finally, for the subset-of-signals problem with m signals, the estimator 1B achieves near-optimal
error bounds, including the correct phase transition, across all ranges of m:

Theorem 1.2. Let 0; € [Omin, Omax) for all i € [n], and the number of signals be m in the subset-
of-signals problem. With probability at least 1 — &, estimator ™5 in (3) achieves

peev:3
6((#)1/6> z'fnl/4 <m<n,

where O(+) hides polylogarithmic factors in (n, Zmas 3).

) .
Omin

~EB 6(( o )1/2) if logn < m < nt/4,

=" — p| =

2This precise argument does not hold in the compound setting, but this intuition is conjectured to remain valid.
See Section 5 for detailed discussions.



Compared with the known minimax risk (2) for the subset-of-signals problem, Theorem 1.2
shows that the estimator i™P achieves the minimax rate up to logarithmic factors under the mild
assumption log % = O(polylog(n)). However, like many empirical Bayes approaches, a particu-
larly appealing advantage of our estimator is that it is adaptive and parameter-free: this estimator
requires no tuning parameters (we set omin &~ 0 and opax to be large in our experiments; see
Section 4), and adapts to the signal size m. These features make 1B especially attractive in prac-
tice. In the practical scenario where the joint MLE (3) is computed only approximately, a similar
guarantee remains valid for approximate MLEs; see Remark 1.

Compared with existing empirical Bayes approaches, while the idea of applying an NPMLE-
based estimator is classical in the empirical Bayes literature [KW56, Rob56], our objective in (3) is
conceptually different. In existing theoretical studies of empirical Bayes, one typically considers in-
dependent observations X; ~ Py, (the compound setting) and aims to estimate the parameter vector
(61,...,6,). The empirical Bayes approach proceeds by first estimating the empirical distribution
G, = % >, 0, (e.g., via the NPMLE), and then applying the resulting learned prior to estimate
f through the corresponding Bayes rule. By contrast, our procedure likewise replaces heterogeneity
in the nuisance parameter (o1,...,0,) with a mixing distribution G,, and learns it from the data,
but does not invoke explicit posterior inference. It is therefore an interesting theoretical observation
that empirical Bayes methods are near-optimal in our setting, even though the procedure does not
actually invoke a “Bayes” component.

We also provide some discussions on the hyperparameters (omin, Omax) and computation. We
acknowledge that our estimator requires additional knowledge of ('min, Omax), Which is not needed
by previous estimators. This requirement is, however, intrinsic to our approach: without it, the
solution to (3) would be degenerate, since one could assign a positive mass to é({O}) and choose
we{Xi,...,X,}, thereby making the likelihood unbounded. Fortunately, the error dependence on
Omin in Theorem 1.2 is only polylog(%) and thus very mild, and our numerical experiments show
that even setting opmin = 0, omax = 00 still yields sound estimation performance. As for computation,
solving the optimization program in (3) is, unfortunately, a nonconvex problem involving the infinite-
dimensional parameter G. In Section 4, we adopt a successive maximization strategy. For fixed pu, (3)
reduces to a convex optimization problem in G, for which it is standard to apply a fully corrective
Frank-Wolfe algorithm. For fixed G, (3) becomes a one-dimensional maximization problem in
u, which can be efficiently solved via grid search. Although both Frank—Wolfe and successive
maximization may converge to local maxima, our numerical results indicate that the resulting ™
is empirically close to the ideal MLE obtained when G,, is known exactly.

1.2 Outline of the proof

Theorem 1.1 follows from a key result concerning the density estimation performance of the MLE,
which accurately estimates the true mixing density f, g, in Hellinger distance.

~

Theorem 1.3. Let opin < 05 < oOmax for alli € [n], and (1, G) be the joint MLE in (3). Then with
probability at least 1 — 0,

C X max 1
HQ(fu,Gnafﬁa) < — <log3 (LO—ma >log4 log (ng = ) + log > .
) n

Omin Omin )

Remark 1. If (1, @) is an approzimate MLE with [}, fﬁé(Xi) > B -max, ¢ [[7 fuc(Xi) with
B € (0,1], by Lemma 2, the Hellinger bound in Theorem 1.3 has an additive factor O(% log %)

Theorem 1.3 establishes an upper bound in Hellinger distance for estimating the density f, a,,
which is the true average distribution of X1, ..., X,,. Obtaining density estimation guarantees under



the Hellinger metric is standard in the statistical literature for analyzing the MLE, thanks to its
well-known connection with the metric entropy of the underlying density class [WS95, vdGO00].
Theorem 1.1 is then a direct consequence of Theorem 1.3 and a symmetrization inequality for the
Hellinger distance in Lemma 8, presented in Section B.

Upper bound on the covering number In the proof of Theorem 1.3, a key technical step is to
analyze the metric entropy of the family of normal scale mixtures {fy ¢ : sSupp(G) C [Omin, Omax|}
under the Hellinger metric. Although such normal scale mixtures have been studied in the literature
[GvdVO01, GvdV07, 1S25], the existing arguments based on (local) moment matching [GvdV01,
Zha09] yield metric entropy bounds with a dependence of poly(‘é:ﬁ); by contrast, we critically
need to improve this dependence to polylog(‘;f;?:). To achieve this, we introduce two simple yet
effective ideas.

e First, instead of applying classical moment matching based on polynomials, we perform a
generalized moment matching by constructing a suitable basis {ax(c), gr(x)} to approximate
the normal density 14 (£) by a separable expansion Zé:l a(o)gk(x).

e Second, instead of using the usual Taylor approximating polynomial for a given analytic
function, we employ Chebyshev polynomials, which more accurately capture growth behavior
on a Bernstein ellipse rather than on a disk in the complex plane.

These arguments establish the polylog(%) dependence, which we elaborate in Section 2.

Upper bounding Hellinger modulus of continuity To prove Theorem 1.2, we need to upper
bound the Hellinger modulus of continuity w2 ¢(t). We prove such a bound in the case when
G([0,1]) > p for some p > 0, which captures instances such as the subset-of-signals problem.

Lemma 1. Let t € [0,1], and G be a prior distribution over [0,00) with G([0,1]) > p > 0. Then
for a universal constant C' > 0,

(56 if t < p*/?,

3 .
(L2 ifpP <t < k.

wy2,6(t) <C { (4)

Lemma 1 is a functional inequality that exploits the structure of normal scale mixtures and will
be proved in Section D.1. We note that this inequality is not improvable in general, as witnessed
by the example G = pd; + (1 — p)5w/\/{, with g = u(p,t) matching the upper bound in Lemma 1;
we omit the algebra verifying this claim. The condition t = O(p) is also necessary, as convexity of
squared Hellinger distance applied to the above choice of G yields

22
t

H2 (- fu) < 20+ (1= p)HP (N (=1, =), N, =) <t

regardless of the choice of u, as long as ¢t > 3p and c is a large universal constant. Therefore, when
t > 3p, we have wy2 (t) = co. We note that Theorem 1.2 follows directly from Theorem 1.1 and
Lemma 1, with the subset-of-signals assumption giving G ([0, 1]) > ™ =: p. Corollary 1.1 similarly
follows from Theorem 1.1 and specific calculations of w2 ¢, () for the respective choices of G,
which we defer to Section D.2.

1.3 Related Work

We provide a brief review of the relevant literature here and defer the full discussion to Section A.



Heteroskedastic mean estimation. The problem of estimating a common location parameter
from heterogeneous observations has attracted significant attention in statistics, theoretical com-
puter science and econometrics. Versions of the general problem have been studied under names such
as entangled means [CDKL14| and subset-of-signals [LY20]. In particular, for this setting [CV24]
provides a minimax characterization of the rates. [DKLP25| obtained an efficient algorithm for
the high dimensional analogue of the problem. Returning to the general heteroskedastic estimation
problem, [PJL22| characterize minimax rates for location estimation under sample-heterogeneous
distributions and propose estimators based on iterative trimming and median-of-means techniques.
[DLLZ23| further developed this line of work, providing a more fine-grained analysis of achievable
rates. [Nar25] obtained a sharp characterization of rates achievable as a function of the variances.
In addition, for normal scale mixtures with known G, an upper bound in terms of the Hellinger
modulus of continuity was established in [CV25, Theorem 1.6] using a different Birgé-Le Cam type
estimator. Our empirical Bayes perspective shows that the profile MLE attains a comparable bound
even when G, is unknown.

Empirical Bayes methods. Empirical Bayes methodology, pioneered by Robbins [Rob51, Rob56],
provides a principled framework for estimation problems with many latent parameters in the com-
pound decision setting. Here, one observes X; ~ Py, for i« = 1,...,n and aims to estimate the
parameter vector (01,...,60,). The empirical Bayes approach treats the parameters as draws from
an unknown prior G and estimates G from the marginal distribution of the observations. From
both theoretical [PW21]| and practical [ETSTO1] perspectives, empirical Bayes has become a suc-
cessful framework for large-scale statistics with the nonparametric maximum likelihood estima-
tor (NPMLE) for the mixing distribution, introduced by Kiefer and Wolfowitz [KW56]|, playing
a central role in this framework. The most widely studied problems in the literature have been
the Normal location model [Zha03, Zha09, BG09, SG20, PW21, GIKL25] and the Poisson model
[BGR13, PW21, SW22, JPTW23, JPW25, HNWSW25|. See [Efr24] and [IS25] for a survey.

The conceptual view on empirical Bayes is that it models heterogeneity in the data using a mix-
ture distribution (prior) and learns the prior from data. From this perspective, heteroskedastic mean
estimation is a natural test bed for empirical Bayes methodology and this is the motivation for our
work. However, we emphasize a major difference between our application of the methodology from
the standard applications: while standard empirical Bayes would have treated the heterogeneous
parameters (o1,...,0,) as the primary estimation target, we treat them as nuisance parameters and
focus on estimating the common mean p through a profile likelihood [MVdAV00, Sev00|. This per-
spective connects our work to the literature on profile likelihood inference with infinite-dimensional
nuisance parameters [MVAV97].

2 Density Estimation: Proof of Theorem 1.3

In this section we prove the density estimation guarantee of the MLE in Theorem 1.3. We begin
with a general entropic upper bound of the Hellinger distance in the compound (or i.n.i.d.) setting,
and then present a metric entropy upper bound for the normal scale mixture with a fixed mean.
The remaining details will be devoted to allowing p to vary; we defer them to the appendix.

2.1 Entropic Upper Bound of the MLE in the Compound Setting

In this section we review and state the classical entropic upper bound for density estimation via the
MLE, in a general i.n.i.d. (independent and non-identically distributed) setting. Let Xi,..., X,



be independent, with X; ~ P;. Given a class P of distributions such that P := %Z?:l P, e P, let
P be a B-approximate MLE with I, P(X;) > B - maxpep [[;~, P(X;). To bound the Hellinger
distance H (]3,?), we need the following notations for the metric entropy. For § > 0, define the
localized family P(P,0) :={P € P: H(P,P) < ¢}.

Definition 1 (Bracketing Number). The (§-local) Hellinger bracketing number at scale & around P,
denoted by N[](s, P(P,9), H), is the smallest integer N such that there exist N brackets of (positive)
measures [PE, PV], ..., [Pk, PY] such that maX;e|n] H(PE,PY) < e, and for every P € P(P,$),
there exists i € [N] such that PF < P < PV (with < being pointwise).

In the above definition, we extend the definition of Hellinger distance between two probability
measures in a natural way to general measures y, v by H?(u,v) := [(y/du — v/dv)?. The following
result states a general entropic upper bound on the Hellinger distance H (P, P).

Lemma 2. There exists a universal constant C > 0 such that the following holds. Let

6
() z/ \/1ogNH(u,7D(F, 5), H)du v §
82/C

be any function such that W(8)/6? is non-increasing in 6, and o, > 0 satisfy Vné2 > CU(5,). Then

for all 6 > 6, any B-approzimate MLE P satisfies
~ — C 1 né?

2 2
P <H (P,P)>§ +n10gﬁ> < C’exp(— E>
In the i.i.d. case where P; = P, Lemma 2 reduces to the classical upper bounds on H 2(]3, P)
in [WS95, vdG00]. The same proof technique extends to the i.n.i.d. setting, where the MLE P
is instead close to the average distribution P. In heteroskedastic mean estimation, this average
distribution is P = 13"  N(y,0?) = fuc,, which motivates the form of Theorem 1.3. For
completeness, we include the proof of Lemma 2 in the appendix, as the in.i.d. case in [vdG00,
Chapter 8.3| does not cover this precise setting.

2.2 Improved Covering Results for the Normal Scale Mixture

The central metric entropy bound in this section is the following:

Theorem 2.1. Let P = {fuc : p € R,supp(G) C [Omin; Omax)} and P € P. Then for 0 < e < 4§ <

%, there is a universal constant C > 0 such that

log Njj(e,P(P,6),H) < C'log® (ﬂ) log log (M>
min E€0min
In conjunction with Lemma 2, Theorem 2.1 gives the target upper bound of Theorem 1.3. The
main technical challenge in the proof of Theorem 2.1 is to derive the bracketing entropy bound for the
class of normal scale miztures, i.e., the subset of P with © = 0 and a general mixture distribution G
on [Omin, Omax|. Specifically, using a reparametrization ¢ = 1 /0 and standard truncation arguments
(deferred to Section C.2), Theorem 2.1 follows from the following technical lemma.

Lemma 3. Let 0 < tin < 1 < itpmax and 0 < Zmin < 1 < Tpax. Let F be the class of all functions
Eiopr [t exp(—t222/2)] with H € P([tmin, tmax)); and Loo([Tmin, Tmax|) denotes the sup norm on the
interval [Tmin, Tmax]. Then for e € (0,1/2),

tmaX max tmax max
log N (g, F, Loo([Tmin, Tmax])) < C'log® <x> log4 log <m> .

ElminTmin EtminTmin

8



In Lemma 3, the polylog( ) dependence on ¢ is perhaps unsurprising as F is effectively a para-
metric family by discretizing the support of H; the key challenge is to obtain a logarithmic depen-
dence on i‘"ax and Zmax  Thig ig precisely where existing work based on polynomial approximation
or Taylor series fail toncapture as detailed in the following sections.

2.2.1 Generalized moment matching

In the literature for normal location or scale mixtures, the prevalent approach for establishing metric
entropy bounds is through the idea of moment matching. Specifically, it is shown that if H and H’
have the same first L moments, then the difference ||Es [t exp(—t222/2)]—Ew i [t exp(—t222 /2)]|| o
decays exponentially in L. Since Carathéodory’s theorem shows that matching first L, moments can
be realized by a discrete distribution with at most O(L) atoms, covering such discrete distributions
typically leads to a metric entropy bound of 5(L) This idea has been used for approximating
normal scale mixtures in [GvdV01, GvdV07, IS25]; an improved bound is also obtained via local
moment matching in [JZ09] for normal location mixtures, with extensions to Poisson mixtures in
[SW22].

However, such moment matching approaches (even the localized version) in normal scale mix-
tures suffer from a polynomial dependence on the ratio i"‘i The underlying mathematical reason

min

is that, such moment matching arguments rely on the following polynomial approximation

sup }‘ —ng tk‘<£

xe [wminyxmax] 7t€ [tmin 7tmax

and this polynomial is usually chosen to be a truncation of Taylor series. Based on this approxima-
tion, it is clear that E.g[t exp(—t22%/2)] approximately depends only on E;og[tF],k = 1,..., L.
However, even for a fixed z, approximation theory tells that the degree L must have a polynomial
dependence on (tmin, tmax). For example, [AA22| shows that to approximate e~ with a uniform
approximation error € on t € [0, B], the degree of the polynomial must be at least (NZ(\/E), exhibiting
a polynomial dependence on B.

To address this issue, we make a simple yet important observation that we may apply a gener-
alized moment matching with suitably chosen basis functions:

2.2 L
oY )| <. (5)
k=1

sup ‘te_

zE [zmin )-'Emax] te [tmin utmax]

Here by choosing ay(t) beyond polynomials, we may find a better approximating basis of ¢ exp(—t2z2/2)
to achieve a smaller approximation error. The following lemma is an easy metric entropy bound if
we can construct bounded functions {ay(t), gx(z)}£_, such that (5) holds.

Lemma 4. Suppose (5) holds with |a(t)| + t|aj,(t)| < A for all t € [tmin, tmax] and |gr(x)| < G for
all @ € [Tmin, Tmax]. Then log N(22, F, Loo([min, Tmax])) < CLlog 4CE.

To choose the basis, we use the natural idea of writing u = log x + logt¢ and try to approximate
exp(—t2z?/2) = exp(—3 1 e?") ~ Pr(u), where P, is a polynomial of degree at most L. Expanding
Pr(u) into a bivariate polynomial in (log x,logt), we obtain the basis functions (a(t), gx(x)) in (5) in
the form of t(logt)’ and (logx)’. Therefore, it remains to find a uniform polynomial approximation
for exp(—3e**) on u € [1og(Zmintmin), log(xmaxtmax)] or equivalently, for exp(—Ke ) on u € [—1,1]
after translatlon and scaling, with K = memz:maxtmmtmax > 0 and \ = log Zmaxlmax

Imlntmln



2.2.2 Chebyshev approximation

In this section we solve the polynomial approximation problem of approximating exp(—K e’\“) on
[—1,1]. As commonly used in the moment matching literature, a first natural idea is to apply the
Taylor approximating polynomial of exp(—Ke ) at u = 0. However, this leads to a poor approx-
imation: after some algebra, we can show that the n-th Taylor coefficient is a, = %e_KBn(—K),
where By, (z) = Y_7_, S(n, k)z* is the Bell/Touchard polynomial and S(n, k) is the Stirling number
of the second kind. Since |B,(—K)| grows at a speed faster than K", we see that |a,| — 0 only
if n > AK. However, since K is polynomial in (Zmin, Tmax, tmin, tmax), this means that the degree
of the Taylor approximating polynomial must also be a polynomial in (Zmin, Zmax, tmins tmax). 10
improve over this dependence, we critically make use of the Chebyshev approximation to achieve an

approximation error independent of K, as summarized in the following lemma.

Lemma 5. Let h(z) = exp(—Ke ) on [~1,1], with K > 0 and A\ > 0. Let Py, be the degree-L
Chebyshev polynomial of h. Then ||h — Pp|ls < & for L = O(log(2) + )\log(%)).

Proof. The proof bounds the Chebyshev approximation error using the Bernstein ellipse theorem.

Lemma 6 (Bernstein Ellipse Theorem, [Trel9, Theorem 8.2|). Let h be analytic in the open
Bernstein ellipse E, = {z € C : z = 3(pe”® + p~te™?),0 € [0,2n]} for some p > 1, and sup-
pose |h(z)] < M on E,. Let Pr be the degree-L Chebyshev truncation of h on [—1,1]. Then
Ih— Prlloe < 25T

To conclude from Lemma 6, note that the Bernstein ellipse E, is contained in the strip [Jz| <
2(p—p~1) < p—1for p € [1,2]. In addition, |h(z)| = exp(—Ke* cos(Ay)) for z = x+iy. Therefore,
for p = min{2, 1+ g5 }, we have cos(\y) > 0 for |y| < p—1 and thus |h(z)| <1 on E,. Now Lemma 5
directly follows from Lemma 6. O

Importantly, the final polynomial degree L in Lemma 5 is only polynomial in A, and thus poly-
logarithmic in m, this is the target feature of Lemma 3. It is interesting to note why Chebyshev
approximation performs better than Taylor approximation here. In fact, Taylor approximation gives
a convergence rate p~" when |h| is bounded on the disc |z| = p, whereas Chebyshev approximation
operates on a different geometry £, which more tightly envelopes the desired interval. Since |h(z)|
could grow rapidly along the imaginary axis, here the Bernstein ellipse is much more suitable than

the disc.

3 Bounding modulus of continuity

In this section, we establish upper bounds of the Hellinger modulus of continuity in (4), with various
choices of G,. Specifically, we prove the upper bound in Lemma 1 for the subset-of-signals problem,
and upper bounds in Corollary 1.1 for explicit examples of G,.

3.1 Modulus of Continuity for SoS Priors: Proof of Lemma 1

The proof of Lemma 1 relies on the following variational lower bound of squared Hellinger distance:

L[ (Pe@F 1 [P-QF 1 (EplT) - EqlT)?
o= ez e v e ©

10



where the supremum is over all test functions T': X — R, and the last step is Cauchy—Schwarz. In

the definition of Hellinger modulus of continuity, suppose the choices P = f, ¢ and Q = fy g satisfy
H?(P,Q) <t. Now choosing test function Ta(x) = 1j, ,+a](2), the variational form gives

[Ec(q) (%) — (0) — D(ALH) _i_q)(%))]z

o

B (®(2) - 2(0) + 2(27) — o(4))

< 2t¢.

(7)

Here ®(z) = [*__ ¢(t)dt denote the standard Gaussian CDF. Taking A = oo, and noting that the
denominator always lies in [0, 1], we obtain

V2t > Eo(e(h) —o(0) = @'(1) Eq [Ml{fu}]

due to ®(z) — ®(0) > ®'(1)z for = € [0, 1]. This shows that for a universal ¢; > 0,

1, t
EG[ { Zu}} < avt ®)
o H
Next we take A =1 in (27). For the denominator, we have

Ea(®(5) — #(0) + () — o)) < 956 (2(1) - 2(0))

<9 GG([O, 1]) + @'(0) - Eg [1{?}])

<G([0.1) + B[],

(9)
For the numerator, we distinguish into two cases.
Case I: £ >1. Let
1 14+p 7
Zpo i =P(—)—P(0) — (—) + D(—).
wo = B(2) = B(0) — B(—L) + o)
When p > 1, simple algebra yields that for a universal constant cs > 0,
1 ifo<l,
Suo > L if1<o <y, (10)
0 ifo>p.
Therefore,
- 1n<o<
Eq (o] 2 e (G(0, 1)) + B[ == ) (11)
and

(60,1 + Ee [F=222] ) & i (((0.1)) + B [H21])

® cg}f(G([O, 1])+EG[1{1S(:§#}} +le>.

Here (a) follows from (27) and (29), and (b) uses (28). Solving this quadratic inequality gives

G0.1) + B [FU] <oy (14 L),

t+ —7
E

As G([0,1]) > p > Ct for C > 2¢y, this inequality gives that u = O(t;#).

11



Case II: 0 < p < 1. In this case, one can verify the following lower bounds for =, ,:

1 ifo <y,
o > C2 g ifu<o<l, (12)
0 ifo>1.
Therefore, the numerator is lower bounded as
- pli<o<i
Eq (0] 2 e (G0, 1)) + Ee | —="=2 ) > o 6(0,1)). (13)

Consequently, by (27), (28), and (29), we get

1 \/Z

2 2 {o>1} 1
HG([0,1))* < et (G0, 1) + B[ == ] ) < et (G0, 1) + =),
and further solve this quadratic inequality to find

t t3/4
G([O, 1]) < C4<E + W)
Finally, as G([0, 1]) > p, we obtain u = O(tlf2 + tlzéz) = O(]%) as p < 1.

To reach the desired conclusion, note that when p*/? < t < &, we have either y = O(t;#) (Case
I), or p <1 (assumption of Case II). Since the upper bound in Case I is larger, we conclude that
= O(ﬂ) Similarly, when ¢ < p*/3, we have either y = O(tS/ ) (Case I), or u = O(%) (Case

IT). Here the upper bound in Case II dominates, so that y = O(tlzg)

3.2 Modulus of Continuity for Selected Priors: Proof of Corollary 1.1

To prove Corollary 1.1, we invoke Theorem 1.1 and establish upper bounds of the Hellinger modulus
of continuity for various choices of G,,.

Equal variance. When o; = 1, we have G,, = é1. In this case,

)2
H2(fu1,Gn7fH27Gn) f— 2 [— 2€Xp <_W) ,
so that w2 ¢ (t) = O(v/t). Now plugging in ¢t = 6(%) gives the result.

Quadratic variance. Consider any p > 0 such that (27) holds for all A > 0, with G = G,,. Next
we choose A = 1 in (27) and proceed in the same way as (29) to obtain

Gu(0.)* < et (Gul(0,4) + s, [221] )

For ¢t < ¢y with a small enough constant co > 0, the above inequality shows that p > n is impossible.
For 1 < p < n, since Eg,, | {">“}] <Eq,[2] = lz@ l:O(logn) and G, ([0, p]) =< £, we can solve

n i=1 4

that © = O(ntlogn). Combining with the remaining case p < 1 leads to the final upper bound
wi2 g, (t) =0 (ntlogn V1), ift<cs.

Plugging in t = 6(%) proves the target result.

12



Two variances. Again, consider some g > 0 such that (27) holds for every A > 0, with G =
Gp = 101+ (1 — 7)ds. We consider two choices of A. First, choosing A = ¢ and upper bounding
the denominator by 2 in (27), we get

n—m

(@(1) —®(0) — B(1 + )+<I>( )) < i

n

Clearly, for t < ¢y with a small enough constant co > 0, this inequality implies that u < o. In this
case, the left-hand side further scales as (£), so that we get

wy2 g, (t) = O(aVt), ift<ecs.

For t = O( ), this gives the general O( f) upper bound.
The second choice of A is A = 1. If we upper bound the denominator of (27) by 2, then

™ (@(1) ~ B(0) ~ D1+ ) + B(p)) < e1VE
Therefore, if ”\/z < ¢y for a small enough constant ¢y > 0, we solve that u = O(”‘/) Fort = O(n),

this proves the O(‘f) upper bound for m > /nlogn. Instead, if we upper bound the denominator
of (27) via (29), we obtain

3|3

n g

(1) = 0(0) = 1+ ) + #0) < eng o (2 7).

For t = 5(%) and m > C(4/ nlogn +logn), it holds that

1
™ > 10¢ t<m+>.
n n ag

Solving the inequality gives the target upper bound pu = O(1).
a-mixture distributions. We use the upper bound in the two variances example. For a € (0, 1),

we use the upper bound 6(%) = O(n®1/2). For a > 1, we note that for m = clogn with a large
enough constant ¢ > 0, it holds that

Inl
C( n;gn —i—logn) <m < y/nlogn.

Therefore, we can apply the O(1) upper bound in this case.

4 Numerical experiments and algorithms

In this section, we summarize important properties of the NPMLE that are well-known in the
empirical Bayes literature [Lin83, Lin95|, specialized to normal scale mixtures. We also detail our
computational approach for finding the NPMLE based on the Frank—Wolfe procedure adapted from
[HNWSW25|, and numerically compare our approach to previous methods in the literature such as
median and iterative truncation [LY20, PJL22]|.

13



4.1 Basic properties of the NPMLE

The main difficulty in solving the MLE (3) is to solve for the NPMLE G once i is fixed. This section
describes some basic properties of @, and WLOG we assume that 1 = 0. Since the log-likelihood is
concave in @, it is well-known [Lin83] that the KKT condition for G is
Dg(0) = Daloi XM = 13 22 e (14)
G e e fialX) T —
=1 )

and equality holds if and only if o € supp(@). Based on this, we have the following structural
result.

Lemma 7. Suppose X; # 0 for all i € n|. Then the NPMLE G is a discrete distribution with
|supp(G)| < [{1 X1l - -+, [Xnl}], supp(G) C [mingepy, | Xi], max;ep [Xil], and unique.

4.2 Successive maximization algorithm for the joint MLE

Motivated by the NPMLE properties in Lemma 7, especially the discrete nature of G , we use a fully-
corrective Frank—Wolfe algorithm [FW56] (also known as the vertex-direction method in the mixture
model literature) to compute G with fixed i, in a similar manner to [HNWSW25]. Specifically, given
an initialization ég, fort =1,2,..., we repeat the following steps until convergence: (1) find a new
atom o € argmax,-oDg,  (0; X" — 1) via a grid search, and then (2) add oy to the support of G
and optimize over the weights via a convex program:

~

1 n
G = arg max — E log fﬁ,G(Xi)-
supp(G)Csupp(Gi—1)U{or} " i=1

~

We note that in our implementation we do not enforce the constraints supp(G) C [0 min, Omax|; this
is because by Lemma 7, the data X™ have already constrained the support of G. Based on the
Frank—Wolfe algorithm for fixed iz, our final algorithm for joint optimization of (i, é) proceeds via
successive maximization. Given an initialization fip (chosen as the median in our implementation),
fort =1,2,..., we iterate the following steps until convergence: (1) run the Frank—Wolfe algorithm
with p fixed at fi;_1 to obtain @t; (2) perform a grid search to find fi; that maximizes the total
likelihood for fixed @t- Since the likelihood improves at each iteration, we terminate when the
increase in likelihood falls below a prescribed threshold. Although the overall algorithm is susceptible
to local maxima, our experiments show that it converges well in practice.

4.3 Experiments

In this section, we illustrate the empirical performance of our estimator *P on a variety of empirical
m

distributions (priors) Gy, of (01, ..., 0,), including the subset-of-signals prior Gy, = 7 Unif([omin, 1])+
PR Unif([1, omax]), as well as two-point and three-point scale mixture priors. We conduct two sets
of experiments. On the subset-of-signals prior, we compare our estimator with two other estimators
designed for the subset-of-signal problem: the sample median, and the iterative truncation estima-
tor in [LY20]. On the two-point and three-point priors, in addition to the median estimator, we
compare with two oracle estimators: the linear estimator fixpown—o in (1) which we call the oracle
MLE, and the MLE of y in (3) with the true knowledge of G,,. We emphasize that apart from the
grid search and stopping criterion, our algorithm is completely free of tuning parameters.

Figure 1 and 2 display the average absolute estimation error of u over 100 simulations for both

sets of experiments. In Figure 1, we set (Gumin, Omax) = (0.7,150) and m € {n'/3 n'/2} and the
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Comparison of Estimators: Subset-of-Signals Prior

% Median

L i~ Iterative Truncation
P &~ NPMLE

Absolute Error [i—u* |

sample Size n

(a) m =nl/3

Comparison of Estimators: Subset-of-Signals Prior

& Median

|- Iterative Truncation

&~ NPMLE

Absolute Error | —pu*|

(b) m = i

Figure 1: Average absolute estimation errors for i*2, sample median, and iterative truncation over
100 simulations, under the subset-of-signals prior G, = ZUnif([0.7,1]) 4 =™ Unif([1, 150]), with
different choices of (m,n).

hyperparameters (B, o) = (10,1) for the iterative truncation estimator. We observe that P
outperforms the other two estimators in both settings. In Figure 2, the scale mixture is a two-point
prior G,, = ﬁél + %(530 or three-point prior G,, = %51 + 1%560 + %5100. We observe that the
performance of i*B, obtained without knowledge of G,,, is close to that of the MLE computed with
knowledge of GG,,. This indicates that the proposed successive maximization algorithm, in particular
the Frank—Wolfe procedure used to estimate é, exhibits good empirical convergence, despite the
potential for convergence to local minima.

5 Conclusion and open problems

In this work, we demonstrate that a simple empirical Bayes approach based on maximum likelihood
estimation achieves near-optimal performance for heteroskedastic mean estimation across a wide
range of instances. Compared with traditional empirical Bayes approaches, our procedure replaces
heterogeneity with a mixing distribution (prior) and learns it from the data, but does not invoke
explicit posterior inference. Instead, the learned prior is treated as a nuisance estimate and is used in
constructing our final mean estimator, which takes the form of a profile MLE. It is thus an interesting

15



Comparison of All Estimators: Two-Point Prior

-3 Oracle
- MLE (known G)
%~ Median

& NPMLE

Absolute Error [i—u* |

sample Size n

(a) Gn = 15501 + 155030

Comparison of All Estimators: Three-Point Prior

% Oracle
- MLE (known G)
¥~ Median
—&- NPMLE

Absolute Error [ —u* |

Sample Size n
(b) Gr = 5501 + 15060 + 550100

Figure 2: Average absolute estimation errors for aPB, sample median, and two oracle MLEs over
100 simulations, under two-point and three-point scale mixture priors.

finding that this empirical Bayes approach still achieves near-optimal statistical performance in
heteroskedastic mean estimation. Several interesting questions remain open.

Efficient computation. From a computational perspective, the optimization problem in (3) is
nonconvex (in p) and infinite-dimensional (in G). While our numerical experiments suggest that
successive maximization with Frank—Wolfe performs well in practice, it would be valuable to develop
provably efficient algorithms and/or to understand the landscape of this optimization problem.

min

which primarily arises from our proof strategy for establishing the density estimation guarantee in
Theorem 1.3. Indeed, when o, = 0, the likelihood in (3) can be made unbounded by assigning
positive mass to @(0) and choosing i € {X1,...,X,}, in which case Hz(fﬁﬁé, fu,c) is no longer
small. However, this does not imply that the resulting estimator z fails to estimate p accurately.
For example, in our numerical experiments, we always set iy = 0 and oy = 00, yet the resulting
estimator continues to perform well. As another illustration, the Le Cam—Birgé-type mean estimator
studied in [CV25] likewise satisfies @ € {X1,..., X, }, suggesting that estimators of this form can
still achieve good performance. It is therefore an interesting question to remove the assumptions on

(O'min’ Umax)-

Hyperparameters (0min, 0max). Our theoretical guarantee involves a logarithmic factor in Zmax,
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Le Cam’s lower bound for compound problems. Although sz,Gn(%) is a minimax lower
bound for the mean estimation problem where Xi,..., X, are ii.d. drawn from f, ¢, with known
Gy, the same claim is not rigorous in the compound setting. In compound setting, Le Cam’s
method only gives the following lower bound: let P, q, = IEWNUmf(Sn)[@?:lN(M,afr(l.))] be the

n-dimensional “permutation mixture”, then a minimax lower bound for mean estimation is
2
sup {|M1 —po| : p1sp2 € R HA Py, Prna) <2 - 9(1)}-

Assuming a mean-field approximation P, ¢, ~ Egn for permutation mixtures, the above quantity
would essentially reduce to wyz g, (2). However, although recent work [HNW24, LH25] show that

n
such a mean-field approximation holds quantitatively and independently of the dimension n, these
results only guarantee TV(P, a,, fg") < 1 — ¢ for a small constant ¢ > 0. Consequently, a direct
application of the triangle inequality yields a vacuous bound (incurring a cost of 2 - TV) and is

therefore insufficient to establish the desired equivalence.

Multivariate settings. Extending our framework to multivariate settings, where observations
X; € R? have heteroskedastic covariance matrices, presents both statistical and computational
challenges. On the statistical side, the density estimation-based proof strategy becomes unsuitable,
since the Hellinger error typically scales exponentially in d. On the computational side, computing
the NPMLE in high dimensions is challenging, and standard algorithms such as Frank—Wolfe become
less effective.
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A Further Related work

Heteroskedastic mean estimation. The problem of estimating a common location parameter
from heterogeneous observations has attracted significant recent attention in both the statistics
and theoretical computer science communities. Pensia, Jog, and Loh [PJL22| initiated the sys-
tematic study of this problem, characterizing minimax rates for location estimation under sample-
heterogeneous distributions and proposing estimators based on iterative trimming and median-of-
means techniques. Devroye, Lattanzi, Lugosi, and Zhivotovskiy [DLLZ23| further developed this
line of work, obtaining sharp minimax bounds for heteroscedastic mean estimation under bounded
variance assumptions and establishing the phase transition at m =< n'/* in the subset-of-signals
regime. Both works reveal a fundamental tension in this setting: the sample mean is efficient when
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variances are known but highly sensitive to large variances, while robust alternatives such as the
median [Hub64, HRRS86]| are resilient but often suboptimal.

The heteroscedastic setting studied here differs from the classical Huber contamination model [Hub64,
Hub81|, where an e-fraction of observations are adversarially corrupted. In the contamination model,
robust estimators aim for error scaling with ¢ [DKK ™19, LRV16, CGR18|, whereas in our setting the
noise levels can vary continuously across samples, leading to different minimax rates and requiring
distinct estimation strategies.

Robust statistics and breakdown point. Classical robust statistics provides a rich toolkit
for handling outliers and heavy-tailed distributions. Foundational work by Tukey [Tuk60, Tuk75],
Huber [Hub64, Hub81|, and Hampel [Ham71, HRRS86] established the concepts of breakdown
point, influence function, and M-estimation that underpin modern robust methods. The median
achieves the optimal breakdown point of 1/2, meaning it remains bounded even when nearly half
the observations are arbitrarily corrupted. Trimmed means [Bic65, Sti73| offer a tunable tradeoff
between efficiency and robustness. However, these classical estimators do not achieve the optimal
rates in the heteroscedastic setting characterized by [PJL22, DLLZ23|, motivating the search for
new approaches.

Empirical Bayes and compound decision theory. Empirical Bayes methodology, pioneered
by Robbins [Rob51, Rob56], provides a principled framework for estimation problems with many la-
tent parameters. In the compound decision setting, one observes X; ~ Py, for ¢ =1,...,n and aims
to estimate the parameter vector (61, ...,60,). The empirical Bayes approach treats the parameters
as draws from an unknown prior G and estimates G from the marginal distribution of the obser-
vations. The nonparametric maximum likelihood estimator (NPMLE) for the mixing distribution,
introduced by Kiefer and Wolfowitz [KW56], plays a central role in this framework. Laird [Lai78§]
developed practical algorithms for computing the NPMLE, and Lindsay |[Lin83| established that it
is a discrete measure with at most n support points. More recently, Polyanskiy and Wu [PW20)]
discovered a remarkable self-regularization property of the NPMLE: even without explicit regulariza-
tion, the NPMLE for subgaussian mixtures has O(logn) support points with high probability. The
REBayes package [KM14, KG17] provides efficient implementations of NPMLE-based procedures.

A major breakthrough in the theoretical study of empirical Bayes was made by Jiang and Zhang
[JZ09] in the Gaussian compound decision problem. This work inspires a flurry of subsequent studies
in Gaussian [BG09, SG20, PW21, GIKL25| and Poisson models [BGR13, PW21, SW22, JPTW23,
JPW25, HNWSW25]. We also refer to a recent book [Efr24| for an overview of empirical Bayes
approaches.

Our approach differs from classical empirical Bayes in an important way: while standard empir-
ical Bayes treats the heterogeneous parameters (o1,...,0,) as the primary estimation target and
applies Bayes rules, we treat them as nuisance parameters and focus on estimating the common mean
w through a profile likelihood [MVdAV00, Sev00]. This perspective connects our work to the litera-
ture on profile likelihood inference with infinite-dimensional nuisance parameters [MVdAV97, She97].
Nevertheless, our approach is still based on an important idea of empirical Bayes, where we replace
heterogeneity by a mixing distribution and learn it from data.

Density estimation and sieve MLE theory. The analysis of our estimator relies on density esti-
mation theory for the MLE in mixture models. The foundational work of Wong and Shen [WS95] es-
tablished probability inequalities for likelihood ratios and convergence rates for sieve MLEs, showing
that the rate is governed by the Hellinger metric entropy of the density class. Van de Geer [vdG00]
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developed a comprehensive theory of M-estimation with empirical processes. This similar idea is
used in our entropic upper bound in Lemma 2.

Specializing to the MLE in mixture models, its density estimation performance under the
Hellinger distance has been studied in both normal location mixture [GvdV01, GvdV07, Zha09], nor-
mal scale mixture [GvdV01, GvdV07, IS25|, and Poisson mixture [SW22, JPW25] models. Existing
approaches are mainly based on the idea of (local) moment matching and polynomial approxima-
tions [BM98, GW00], usually leading to polylog(%) dependence on the radius ¢ in the metric entropy
bound. However, the existing dependence on % in the normal scale mixture is not tight, and
our analysis improves the dependence to logarithmic using generalized method of moments and
Chebyshev polynomial approximations, which better capture the analytic structure of the Gaussian
kernel. This improvement is crucial for obtaining minimax-optimal rates that are robust to the ratio

Omax
Omin

Modulus of continuity and minimax lower bounds. Our upper bounds are expressed in
terms of the Hellinger modulus of continuity of the location family, following the geometric approach
to minimax theory developed by Donoho and Liu [DL91]. Le Cam’s two-point method [LC73, LC86]
provides matching lower bounds: if H2(f,, ¢, fus.c) < 1/n, then one cannot reliably distinguish s
from pz, yielding a lower bound of wp2 (1/n) for estimating p. Therefore, Theorem 1.1 can be
viewed as a duality result to Le Cam’s lower bound; such duality has appeared in the literature for
linear functionals [DLI1, JN09, PW19| and more recently for mean estimation in location families
[CV25]. There the mixing distribution G, is known, and the estimator is of a different Birgé-Le
Cam type. In comparison, our empirical Bayes perspective shows that the profile MLE attains a
comparable bound even when G,, is unknown.

Computation. The optimization problem in (3) is nonconvex due to the joint optimization over
(1, G), but for fixed p reduces to a convex problem in G. Algorithms for computing the NPMLE
in mixture models include the EM algorithm [DLR77, Lai78|, interior point methods [LK92|, and
the Frank—Wolfe algorithm [FW56, Jagl3|. Koenker and Mizera [KM14] reformulated the NPMLE
computation as a convex optimization problem, enabling efficient solutions for large-scale problems.
Our implementation uses a successive maximization strategy that alternates between Frank—Wolfe
updates for GG and line search for p; similar block coordinate approaches are common in semipara-
metric estimation [MVAVRS99, VAV9g|.

B Proof of Theorem 1.1

To complete the proof of Theorem 1.1, we prove a symmetrization inequality which reduces possibly
different scale mixtures to a single mixture.

Lemma 8. Let uy, puo € R, and Gy, G2 be two prior distributions over [0,00). Then

1
Hz(fM17G17 fr2,G2) = EHQ(le—uzLGN f—|u1—u2|7G1)'

The proof of Theorem 1.1 follows by (u1, G1) = (1, Gy) and (p2,G2) = (i, G) in Lemma 8 and
Theorem 1.3. Crucially, thanks to Lemma 8, the prior Go, which corresponds to the estimated prior
G , does not appear on the right-hand side and is therefore not subject to any structural requirements
such as those imposed on G. This asymmetry is the key technical reason why our estimator adapts
to the signal size m in the subset-of-signals problem.
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Proof of Lemma 8. By translation and reflection invariance, we may assume that p; = ¢ > 0, and
o = 0. The proof will rely on an easy symmetric relationship:

fuc(®@) =Esui [icp <m - M)] =Esnq [iso <_$ - M)] = fopc(—2). (15)

g g

We repeatedly apply this symmetry to get

H2(fu1. foga) = / (Vi) o))
- [ )+ (s - ) Jo
23 Ve~ Vio@) + (Vo0 - V) Jor

i/n (VIueu @) vhhax—xﬁzdz

O (Vi@ - o) o

= ZHQ(fM,G17f—/L,G1)a

(a—b)*
2

and the inequality step uses a? + b% > . This is the desired result. O

C Density Estimation: Proof of Theorem 1.3
In this section, we provide the proofs of the key lemmas used to establish Theorem 1.3.

C.1 Proof of Lemma 2

Our proof mostly follows the arguments in [vdG00]. We first mimic the arguments of [vdG00,
Lemma 4.1|. Let P, be the empirical distribution of Xj,..., X,,, then

1, 1@ P . (1 P+P
——logB /log =dP, < = /log ;]_3 dpP,

n 2
1 P+P P+P
=~ [log——"q(p, — P-n«LPH
2/0g 2P ( ) < )
(€ 1 P+ P 1 .,/ P4+P
g/mg‘+<w%—m—H%R + )
2 2P 2 2

where (a) follows from the definition of P and P € P, (b) is due to the concavity of z - log z, and
(c) uses the inequality KL > H2. Therefore,

(@ P+P P+P — 32 1
mwfyuw% ;)ggﬁ%é;am—m+im (16)

where (d) follows from [vdG00, Lemma 4.2]. This is called the “basic inequality” in [vdG00].
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The next step is to prove a high-probability upper bound on the integral in (16), using empirical
processes. For P € P, let Z;(P) = & 5 log P+P (X;). For the subexponential norm p?(g) := 2E[el9] —
1 —|g|], it holds that

DWICTIER (R N

sl (S 00) <) s (4 E P) e )

where (e) uses [vdG00, Lemma 7.1] and that Z;(P) > —3log 2. In addition, for any bracket [P*, PV],
we have Z;(P") < Z;(PY), and the similar arguments to [vdG00, Lemma 7.3| yield

n

D s
LSS AE(PY) - 2P < ;;E[((Im(m)l 1))

1=1 i=

-mr (G 50)" )’

prY P PL+P
< 2H? ( + + ) H?*(PY, PL).
),

Therefore, compared with the Hellinger bracketing number Nyj(e, P(6), H), the conditions of [vd GO0,

Definition 8.1| are fulfilled with (J, R) = (&,2d) and F° = @. Since
1 ¢ 1 P+P -
— Zi(P zZ;(P 1 d(P, — P
S 2p) B[z =5 [T a7

coincides with the integral in the basic inequality (16), now [vdG00, Theorem 8.13] (with R = 25+1§
and a = ¢22%62/n) yields

P(HP €P: \/bg P;];Pd(Pn —F)( > c2%6* NH(P,P) < 23+15) < Cexp ( — ”(20592)

for every s > 0 with 29§ < 1. Finally, by summing over s = 0,1,..., a standard peeling argument
similar to [vdGO00, Theorem 7.4] completes the proof.

C.2 Proof of Theorem 2.1

In this section, we prove Theorem 2.1 based on Lemma 3. The proof decomposes into three steps.

C.2.1 L. covering for scale mixtures

Our first step is to establish an upper bound on the covering number of pure scale mixtures

Po = {fO,G : Supp(G) c [Uminv Umax]}
under the Lo, norm.

Lemma 9. Fore € (0,1/2) and omin < 1,

1 1
log N (e, Py, Loo) < Clog? < ) log* log ( > .
E0min €0min
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Proof. The proof relies on Lemma 3, with a suitable reparametrization and truncation. Let t=1/o
and H be the pushforward measure of G under o ~ 1/a, then H is supported on [0, ], and

» Y min

22 222

1 t ~
o (&) = Bong| o b~ 5)| = B [ - exp(==)] = fula).

o]}, we invoke Lemma 3 with parameters

To construct an e-cover of {fH :supp(H) C [0,0

)

1
R tmax = y  Lmin = 00(50§nin)1/27 Tmax = 6105_1 IOg(l/E)a (17)

Omin

tmin =

W

where ¢, Cy > 0 are appropriate universal constants. By Lemma 3, there exists a cover H with
1| = exp(O(log® - log log -;—)) such that for every H supported on [tmin, tmax], there exists
Hy € ‘H such that

sup ‘fH(ﬂﬁ)*fHo(ﬂ) <

e [$min 7$max}

N

We show that a similar inequality still holds even if * ¢ [Zpin, Tmax]:

1. If £ > max, the function ¢ — te—t*2%/2 ig decreasing for x > 1/tyn, hence

2 2

~ tos t2. x
0< fule) < i exp (- 2T ) <
Vo 2

for a large constant Cy. The same bound also holds for fHO, so that \fH (z) — fHO (r)| < £.

=1 M

2. If 0 < z < xmin, note that
3 2.2

7 o Lmin
(@) = B | = expl=—50)] < 52—

Therefore, for a small constant cg,

|fr(x) = fuy ()]
<\fu(@) = fu(@wmin)| + | Fr (@min) — fHo (@min)| + | FHo (Zmin) — fio ()]

.T2

< 2 min +

27T0'mm

IN

<t
4= 2

3. If z <0, since fH(x) is an even function, the statement follows from symmetry.

Therefore, we have established that if supp(H) C [tmin, tmax), then ||fz — fHOHOO <s.
Next we extend to the case where supp(H) could be [0, tiax]. Note that if supp(H) C [0, tmin),
then fr(z) < tmin = §. Therefore, we can modify the cover H by a new cover

H’:{(1—w)60+wH0:HoeH,we{o,a,Qa,...,l}} (18)
with 0 = 7=—, so that [H'| = O(|H|/). Now for any H supported on [0, tmax|, we write H =
(1 —w)H; + ng with supp(H1) C [0, tmin), SUpp(H2) < [tmin, tmax), and w > 0. Then for H' =
(1 —w")oo +w'Hy € H' with |w —w'| <6 and Hy approximated by Hy € H, we get

HfH - fH’”oo = H(l - w)fH1 +wa2 - w,fHOHOO
< HleHoo + Hsz — foll + Jw —w'| || frrg [l

max

s S F

s+z+0
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This shows that {fg: : H' € '} is an e-cover of { fx : supp(H) C } under Lo, with

[ ’ mln]

log* log ) .
EO0min €0min

log |H'| = log |H| + O(log %) = O(log3

C.2.2 Hellinger bracketing for scale mixtures

For the class of scale mixtures Py, by the standard approach in [GvdV01]|, we can transform an
Loo-cover into a Hellinger bracket.

Lemma 10. Fore € (0,1/2),

log N (g, Po, H) < Clog? ( max)log log( max).

min E€0min

Proof. Since the bracketing number is invariant by scaling (omin, Omax) simultaneously, WLOG we
may assume that opyi, < 1 so that Lemma 9 can be applied. First, note that for (not necessarily
probability) measures p and v,

#2s0) = (V= Vi < [ lau=avl = u = vl

Therefore, log Njj(e, Po, H) < log NH(52,730,L1). To construct a Li-bracket, let p1,...,pn be an
n-cover of Py in Loy, with 7 > 0 to be specified later. We then construct the brackets {[PF, PY] :
i € [N]} by Pk := max{p; — 1,0}, PV := min{p; + n, R}, with R(z) = ﬁexp(fﬁ). Since
every p € Py satisfies

1 x2 1 22

the inequality ||p — pi||eo < 7 indeed implies P < p < PY. To upper bound the L; norm, for every
B > 0 we have

202 2
R |z|>B = Bomin

2
Omin 2 max

) +2nB,

where the last inequality uses the Mills’ ratio upper bound. Therefore, by choosing

Omax g
B = Cyomax log(Ummgg), n= CoB
with a large universal constant Co >0, we ensure that HPU PLH1 < 2. Finally, by Lemma 9, we
can take log N = O(log? (oo )log log(—— )) = O(log? (g"“”‘a)log log( Zmax ). O

C.2.3 Local Hellinger bracketing for location-scale mixtures

Finally, we extend the Hellinger bracketing for the smaller family Py in Lemma 10 to a local Hellinger
bracketing for the entire family P = {f, ¢ : p € R,supp(G) C [0min, Omax|} involving the location
parameter in Theorem 2.1.
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Proof of Theorem 2.1. Let P = Juo,co € P be the center of the local ball; by translation invariance
we may assume that po = 0. We first establish an upper bound on |u| for every f,c € P(P,6). In
fact, by the symmetrization inequality in Lemma 8, we have

1
d > H(fo.qo, fuc) > §H(fu,co,f—u,c;0)-

By the variational lower bound of the Hellinger distance in (26), we get

(o0 f-0) 2 5 0n10.00)) = - (10,00))2 > 1 (20(20) 1),

Umax

where @ is the CDF of NV(0,1). For 6 < 1/8, solving |u| from the above two inequalities yields
|| < Copax for a universal constant C' > 0, and therefore

P(P, 5) - {f,LL,G : |,u| < CUmaX7supp(G) - [Uminvgmax]} =: Ploc-

To construct a Hellinger bracket for Pjoe, we start from the Hellinger bracket {[PF, PV] : i € [N]}

for Py constructed in Lemma 10, with |[PV — PL||; < %. Let n > 0 be a parameter to be specified
later, and {p1,...,upn} be a uniform discretization of [—Comax, Comax] With spacing 27n. Here
M = O(%2), and for i € [N],j € [M], define

Ply(x) = inf PF(z —p;—2), PY(x)= sup PY(x — pj — 2).
s jol<n

We claim that {[PZI}’PJ,JJ] i € [N],j € [M]} is a bracket for Pioe. In fact, for any f,q € Pioc,

assume PF < fo o < PV and |p — ;| < 7. For this pair (4, ), we have

fuc(®) = foale —p) > |zifl<fnf0’0(m —pi—n) = irgnP@'L(x — pj —n) = P(),

and similarly f, o < PZEJJ To upper bound the L1 norm of this bracket, recall that PZ-L = max{p; —
n',0} for some p; € Py and n > 0 in the proof of Lemma 10. Therefore,

sup PF(z — pj — 2) — Zinf PF(x —pj —2) < 2n-sup |p/'(z — p; — 2)|

|21<n l2[<n |21<n
2 x — il —n)3
< Ui eXp(—(| :u12| 77)-5-)7
\/%O'rznin 20max

where the last step follows from simple algebra, with . = max{z,0}. Consequently,

. 2n (I — pi| — )2
L L j +
sup P(- — p; — z) — inf P, (-—u-—z)” S/exp(—)dac
|z]<n ' ! EEA ! 1 Y, 27“71211111 R 20—1?nax
C
< T’r/ (7’ + Umax) . (19)
O min

On the other hand, since both functions PiU and PiL constructed in the proof of Lemma 10 are
even and non-increasing on [0, c0), we have

sup PY(z — pij — z) = PP (| — p15] — n)+),
|z|<n

28



and similarly for PL. Therefore, integrating separately over two regimes |z — ;| < 7 and |z— ;| > 7
yields

sup PV(- — pj — z) — sup PF(- — pj — z)H
|21<n |2|<n 1

[\

9 62

= 29|PY(0) — PF(0)| + |PY — PF|ly < 4mpf’ + R

(20)

where the first inequality follows from ||PY — PF|s < 27/ and ||PY — PE|; < 5 , and the second
inequality follows from the choice of 1’ < % in the proof of Lemma 10 and 7 § %. Now by the
triangle inequality and (19), (20), we obtain HP}; - PiI,Jjul < ¢? as long as

2 2
e“o= .
n=co (eamin A mm)

Omax

for a small universal constant co > 0. Since H?(u,v) < || — v|1, this implies that {[PZLJ, PU] :
[N],7 € [M]} is an e-Hellinger bracket with size at most

exp (O(log (23 Omax ) log* log( Fmax ) + log max)) = exp <O<log (—— Omax )log? log(—=2< Omax )))

Omin Omin n Omin E0min

This completes the proof. O

C.3 Proof of Lemma 3

From Lemma 4, it suffices to find functions ay(t),...,ar(t) and g1(z),...,gr(x) such that |ag(t)| +
tlai(t)] < A for all t € [tmin, tmax], |gk(x)| < G for all & € [Tmin, Tmax|, and

L
2,2
sup ‘te_tT - Zak(t)gk(x)‘ <e. (21)
k=1

T [xmin 7xmax] 7t€ [tminytmax]

Recall from Lemma 5, for the function h(v) = e K onw e [—1, 1], we have the approximation

h(v) = Pr(v)| <€ (22)

for all v € [—1,1] where L = O(log(1/€") + Alog(A/e’)) and P, is a polynomial of degree L in v.
Recall that the degree-L Chebyshev approximation of h corresponds to the polynomial Pr(v) =
ZJL:O ¢;Tj(v), where Tj(x) is the degree-j Chebyshev polynomial with Tj(cos(#)) = cos(jf), and c;
is the Chebyshev coefficient of h defined as

0=z /Oﬂh<cos<e>>de, o= /O " hcos(0) cos(j0)d6, > 1. (23)

™

Since T} are polynomials in v, each of degree at most L, we can write Pp(v) = ZJ-L:O p;jv’. Now
set u := logt+logx, so that u € [Umin, Umax] Where tpin = 10g(tminTmin) and Umax = 10g(tmaxTmax)-
Define the affine rescaling

U(U) — 2u — (umin + umax)

€ [-1,1].

Umax — Umin
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Then

242 1
e =exp (—262“> = exp(—Ke’\”(“)) ,

where K = Jetmintumac — Ly ot TrminPmax and A = Umax — Umin = log 7@‘2}2‘2? Therefore,
applying the Chebyshev approximation of h(v) = e~ * and substituting v = v(u) yields
2.2 L
tx ;
em 2 = piv(u)| << (24)

for all t € [tmin, tmax] and & € [Tmin, Tmax]- Since v(u) is affine in u, we can expand sz‘::O piv(u)
into a degree-L polynomial in u, i.e.,

and then expanding the term (logt + log x) using the binomial theorem, we have

- ZZPz( > log t)’ (log ac)Z ]t\ < tmaxE - (25)

1=0 j=0

We are left to bound the size of the coefficients @(;) Since, v(u) is an affine change of vari-
ables, with coefficients 2/\ and log(2K)/\, we have using the binomial theorem |p;| < max;|p;|L -
22L((log(2K) /X)X A 1). To bound p;, first note that since h(u) = e~ K¢ is a bounded function on
[—1,1], by (23), all Chebyshev coefficients have magnitude at most 2. Further, we have that the coef-
ficients of the Chebyshev polynomial T} (u) are bounded by 2¥~1 in absolute value (see e.g., [Tre19]).
We also trivially have (;) < 20 < 2L Finally, for the functions in the approximation, we have
t(logt)?| < max{log®(1/tmin), tmax 108 (tmax) } and |log z|"~7 < max{log’(zmax), logh(1/zmin)} for
all t € [tmin, tmax] and & € [Tyin, Tmax]. Combining these three bounds, we have that an ap-
proximation of the form in (21) holds with bound on the size of the terms given by A -G <
L2474 0 (108 (tmas /tmin ) ) 2 X (108 (Tmax /Tmin))?F.  Further, there are at most L? such terms in the
approximation. Setting &’ = £/tmax, and plugging into Lemma 4, we conclude that the Lo, covering
number of F is bounded by

log N(&, F, Ly ([SUmina SUmax]))
AGL2>

< O(L2 log

22Lt12naX (log(tmax/tmin)) (IOg@maX/xmm))zLLg

= 01105 ( sl )

m. xtm X m. Xtm X
0(10g (“73) log? log (“7‘&))

xmintming wmintmin[‘:

as required.

C.4 Proof of Lemma 4

By Carathéodory’s theorem, for any H € P([tmin, tmax]), there exists a distribution H' € P([tmin, tmax))
with at most O(L) atoms such that E;p[ax(t)] = Eiwpr[ax(t)] for all k € [L]. By discretizing the
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support of H' into a geometric grid {tmin, € tmin, - - - , tmax }» and the weights of H' into a d-net on the
simplex under ||-||1, with § = 5357, this forms a finite set H of size exp(O(L log Agﬁ)) In addition,
if H' = 37" widy, and H" = 371" widy with maxicp, |[logt; —logt| < ¢ and [|w —w'|ly < 0, we
have

[Evmrrlax(t)] - MW@M|<DBM% — a(t ]+Qj (t)

i=1

m
< sz‘A\ logt; —logt;| + [|w —w'||; - A < 25 A.
i=1

Since § = 55357 and |gr(z)| < G, we conclude that any H' € P([tmin, tmax]) With at most O(L)
atoms can be approximated by some H” € H such that

L
sup \me% Nor(@) = 3 Egopnlar(D]gu(@)| < ¢
xe[zmmymmax} tE[tmmytmax] k=1 k=1

By triangle inequality, this finite set ‘H induces a 2e-covering of F.

D Bounding Modulus of Continuity

In this section, we establish upper bounds of the Hellinger modulus of continuity in (4), with various
choices of G,,. Specifically, we prove the upper bound in Lemma 1 for the subset-of-signals problem,
and upper bounds in Corollary 1.1 for explicit examples of G,.

D.1 Modulus of Continuity for SoS Priors: Proof of Lemma 1
The proof of Lemma 1 relies on the following variational lower bound of squared Hellinger distance:
P-Q) (P-Q)?* 1 (Ep[T] - Eq[T])
H?(P,Q) = / ( > — / —su , 26
PO= f Wrrvar 22 Pre T2 P EeI ol 20

where the supremum is over all test functions 7" : X — R, and the last step is Cauchy—Schwarz. In
the definition of Hellinger modulus of continuity, suppose the choices P = f, ¢ and @ = fy g satisfy
H?(P,Q) < t. Now choosing test function Ta(x) = 1f, ,4+a](2), the variational form gives

2
[Ec(®(2) - 0(0) - (22) + @ (%))
< 2t. (27)
Ec(9(5) - (0) + 2(252) - o(%))
Here ®(z f (t)dt denote the standard Gaussian CDF. Taking A = oo, and noting that the

denomlnator always hes in [0, 1], we obtain
1
V2t > Eq (q)(ﬁ) — @(0)) > ®'(1) - Eg [M]
o o

due to ®(z) — ®(0) > ®’(1)x for = € [0, 1]. This shows that for a universal ¢; > 0,

Eg[l{"z”}} < 01\/5.

o 1
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Next we take A =1 in (27). For the denominator, we have

Ea(®(0) ~ 8(0) + ()~ o(1)) < 25g (#(1) - 9(0))

SQ(;%WJD+@WWEGF%?W>

<G(0.1) + B[],

For the numerator, we distinguish into two cases.

(29)

Case I: ©>1. Let

- 1 1+ p 1%
i i=9(—)—9(0) - d(=—).

po 1= B(2) —2(0) ~ () @l
When p > 1, simple algebra yields that for a universal constant ca > 0,

ifo <1,

E/,L,a > C3

ifl1<o<p, (30)

S Q= =

if o > p.
Therefore,

BolZe] > o2 (G0, 1) + B [FUZ751)), (31)
and

(G([o, 1)) + E¢ [1{1%;‘”}})2 (2 03t<G([0, 1) + E¢ [@D

o
(b)

< 03t<G([0, 1)) +Eg{1{1<;<“}} + le).

Here (a) follows from (27) and (29), and (b) uses (28). Solving this quadratic inequality gives
1 t3/4
“isosp] v
G([0, 1)) + Eg | = ]_q@+mm>
As G([0,1]) > p > Ct for C' > 2cy, this inequality gives that y = O(%).

Case II: 0 < pu < 1. In this case, one can verify the following lower bounds for =, ,:

1 ifo<uy,
Epo >l ifp<o<l,
0

if o > 1.

Therefore, the numerator is lower bounded as

BalZne] 2 e2(G(0, ) + Ea[ 1) > e G0, 1)), (33)
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Consequently, by (27), (28), and (29), we get

K2G((0,1])* < est(G((0,1]) +EG[1{6;21}D < est(G(0,1) + Cl/:/i)’

and further solve this quadratic inequality to find

£3/4 )

G(0.1) < i+ L

Finally, as G([0, 1]) > p, we obtain u = O(tlléz + t;ﬁ)) = O(]%) as p < 1.

To reach the desired conclusion, note that when p*/? < t < &, we have either y = O(t;#) (Case
I), or p <1 (assumption of Case II). Since the upper bound in Case I is larger, we conclude that
= O(tp/ ). Similarly, when t < p*3, we have either p = O(tS/ ) (Case I), or u = O(::Q—//z) (Case

IT). Here the upper bound in Case II dominates, so that y = O(tlzg)

D.2 Modulus of Continuity for Selected Priors: Proof of Corollary 1.1
To prove Corollary 1.1, we invoke Theorem 1.1 and establish upper bounds of the Hellinger modulus

of continuity for various choices of G,,.

Equal variance. When o; = 1, we have G,, = é1. In this case,

(1 — M2)2) 7

e e

so that w2 g, (t) = O(V/t). Now plugging in t = 5(%) gives the result.

Quadratic variance. Consider any p > 0 such that (27) holds for all A > 0, with G = G,,. Next
we choose A = p in (27) and proceed in the same way as (29) to obtain

Gul(0,)" < et (Gull0,4) + i, [221] )

For t < ¢g with a small enough constant cg > 0, the above inequality shows that u > n is impossible.
For 1 < p < n, since Eg,, | {">“}] <Eg,[2] = 1 S L = 00" and G, ([0, u]) = £, we can solve

n =1 3

that = O(ntlogn). Combining with the remaining case p < 1 leads to the final upper bound
wi2 g, (t) =0 (ntlogn Vv 1), ift<cs.
Plugging in t = 6(%) proves the target result.

Two variances. Again, consider some g > 0 such that (27) holds for every A > 0, with G =
Gp = M1+ (1 — ™)d;. We consider two choices of A. First, choosing A = ¢ and upper bounding
the denominator by 2 in (27), we get

n—m

(@(1) —®(0) — B(1 + )+<I>( )) < i

n
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Clearly, for t < cg with a small enough constant cy > 0, this inequality implies that ¢ < . In this
case, the left-hand side further scales as Q(£), so that we get

w2 q, (t) = O(oVt), ift<ecy.

For ¢t = O( ), this gives the general O( f) upper bound.
The second choice of A is A = 1. If we upper bound the denominator of (27) by 2, then

m
—(@(1) = @(0) = @(1 + 1) + ®(u) < 1Vt
Therefore, if "‘/Z < ¢ for a small enough constant ¢y > 0, we solve that u = O(”\[) Fort = O(%),

this proves the O(f) upper bound for m > v/nlogn. Instead, if we upper bound the denominator
of (27) via (29), we obtain

m 1

(D(1) = B(0) — D(1+ 1) + D()) < exy ¢ ( ; )

13

n g

For t = 5(%) and m > C(/ "logn +logn), it holds that

1
™S 10¢ t<m+>.
n n g

Solving the inequality gives the target upper bound p = O(1).
a-mixture distributions. We use the upper bound in the two variances example. For « € (0, 1),

we use the upper bound ’Ov(ﬁ) = O(n®1/2). For a > 1, we note that for m = clogn with a large
enough constant ¢ > 0, it holds that

C(\/ nl;)s;n —i—logn) <m < y/nlogn.

Therefore, we can apply the O(1) upper bound in this case.

E Additional Details of Section 4

E.1 Proof of Lemma 7

Since X; # 0 for all i € [n], the function G — foc(X;) has a finite upper bound depending
only on Xj, so the log-likelihood >, log fo.¢(X;) cannot reach +o00. Then standard compactness
argument shows the existence of the NPMLE G , and by the strict concavity of x — log x, the vector
of densities (f; 5(X1), ..., fy 5(Xn)) is unique. Denote it by (f1,..., fn)-

By the KKT condition (14), supp(G) is a subset of the set of global maximizers of o Dg(o).
By differentiation, the set of critical points of o +— Dg(0) is

C::{a>0 72\/% —X}/20° (f;—l)zo}. (34)
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Clearly, C' C [min; | X;|, max; |X;|], so the same holds for supp(G). By combining repeated appear-

ances of | X;|, WLOG we assume that |X1],...,|X,| are distinct. Next we show that C is a finite
set, with |C| < 2n — 1. Therefore, for some distinct constants ¢y, ca, ..., ¢, and a non-zero vector
(di,...,day),

L . - . et — o\
{.UEC}Q{$>O.;(dz+dn+ll‘)€ 0}

o2
To proceed, we recall the following result taken from [PS25, Page 48|.

Lemma 11. Letcy,...,c, € R be distinct, and P;(x) be a polynomial in x with degree m; —1. Then
the equation Y1 | P;(x)e“® =0 has at most (>, m;) — 1 real solutions.

By Lemma 11, the above equation has at most 2n — 1 solutions. This shows that |C| < 2n — 1.
Finally, since the continuous map o — D@(J) must have at least one critical point between two
global maximizers, we conclude from the upper bound on |C| that |supp(é)| <n.

Finally we show the uniqueness of G. Since the map o +— Dg(c) only depends on G through
the likelihood vector (fi, ..., fn), the set D of its global maximizers is a fixed set for all versions of
G. In addition, |D| < n, so we can write D = {1,...,0m,} with m < n, and any NPMLE G takes
the form Z;”:l w;j0y;. It remains to show the uniqueness of (w1, ...,wy). Now by the uniqueness
of (fi,..., fn), (w1,...,wy) is a solution to the linear system

1 X ,
7j=1

To prove uniqueness, it suffices to show that the matrix A = (A;;)ic[n) jeim) With A;; = %g@(f—;)
has full column rank. By scaling the columns and taking m X m submatrices, it further suffices to
proving that B = (B;;) € R™*™ with B;; = cp(f—;) has a full rank. Assuming the contrary, then
Bz = 0 would have a non-zero solution z € R™, and the map

- t
t— Z exp(—?)zj
j=1 J

would have at least m distinct zeros. Since o1,...,0,, > 0 are distinct, this is a contradiction to
the statement of Lemma 11. This concludes the uniqueness of G.
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