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Next-symbol Prediction from Compression:
Statistical and Computational Foundations

Yanjun Han, Yihong Wu

Abstract—Next-symbol prediction is a central
task in modern generative models, yet its statisti-
cal and computational foundations for dependent
data remain poorly understood. This tutorial
introduces an information-theoretic framework
that connects prediction to universal compres-
sion, revealing a fundamental distinction between
prediction and parameter estimation. Address-
ing model classes with finite memory (Markov
chains) and infinite memory (Hidden Markov
Model and renewal processes), we characterize
the minimax prediction risks without imposing
mixing conditions, and show how optimal predic-
tion can be achieved using ideas from universal
compression. We further quantify the impact
of memory and mixing on statistical efficiency,
and establish computational hardness results
demonstrating that achieving statistically optimal
prediction may be computationally infeasible for
certain models.

I. INTRODUCTION

Consider the following “ChatGPT-style”
problem: Observing a time series Xn :=
(X1, . . . , Xn), one is tasked to predict the next
(unseen) symbol Xn+1. This problem, known
as next-token prediction, is the core objective of
modern paradigms of generative AI and large
language models (LLMs) [1] such as transform-
ers. These technologies have achieved astound-
ing success in the generation and recognition of
natural languages using predictive models such
as high-order Markov chains [2], a classical
idea rooted in information theory dating back
to Shannon [3].

The problem of next-symbol prediction boils
down to estimating the conditional distribution
PXn+1|Xn , which informs downstream tasks
such as sampling for text generation or es-
timating the most likely realizations for au-
tocomplete. This is a well-defined but non-

standard statistical problem, in that the esti-
mand PXn+1|Xn is random and data-dependent,
unless the data are independent and identically
distributed (iid), in which case the problem re-
duces to distribution estimation, one of the most
well-studied paradigm in statistical inference.
While it is common in the statistical learning
literature to model data as iid, for applications
such as language models the dependency in the
data can no longer be ignored. In fact, one must
embrace models with (possibly long) memory
and learn the temporal dependency from data.

However, for data-generating models with
memory, this basic prediction problem is not
well-understood even for the simplest instances
such as first-order Markov chains. In statistics,
most of the literature relies on favorable mixing
assumptions, such as a large spectral gap, so
that Bernstein-style concentration inequalities
continue to hold. These assumptions essentially
require the memory in the data is relatively
weak, so that both theory and algorithms de-
signed for iid data are still applicable. This
presents a conceptual paradox: Although such
mixing conditions are necessary for parameter
estimation, they are not needed for prediction.
Indeed, a chain that moves at a glacial speed
is easy to predict but estimating the transition
probabilities is impossible. This is a significant
conceptual distinction between estimation and
prediction, the latter of which can be studied
meaningfully without model identifiability.

In this tutorial, building on recent devel-
opments by the authors [4]–[6], we connect
the problem of next-symbol prediction to the
classical topic of universal compression [7]–
[9]. Using Markov and hidden Markov mod-
els as guiding examples, this tutorial will: (a)
characterize the information-theoretic limits of
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prediction; (b) decouple learning and mixing;
(c) quantify the effect of memory on statistical
and computational efficiency.

Notation. For k ∈ N, let [k] := {1, . . . , k}.
For a discrete random variable X with pmf
P , let H(X) = E[log 1

P (X) ] be its Shan-
non entropy. For distributions P and Q on
the same probability space, let D(P∥Q) =∫
dP log dP

dQ if P ≪ Q, and +∞ otherwise,
be the Kullback–Leibler (KL) divergence. We
also define the conditional KL divergence by

D(PY |X∥QY |X |PX)

=

∫
D(PY |X=x∥QY |X=x)dPX(x). (1)

Under the above notation, the conditional mu-
tual information I(X;Y |Z) can be written as
D(PX,Y |Z∥PX|Z ⊗ PY |Z |PZ). Throughout this
paper, we use standard asymptotic notations
O,Ω,Θ and ≲,≳,≍ interchangably.

II. REDUNDANCY AND PREDICTION RISK

In this section, we review basic concepts of
redundancy and prediction risk, and provide a
survey of their properties.
A. Compression and prediction

The concepts of redundancy and prediction
risk reflect two different perspectives: compres-
sion and prediction. For n ∈ N, let P =
{PXn+1|θ : θ ∈ Θ} be a collection of joint
distributions parameterized by θ.

1) “Compression”: Consider a sample
Xn ≜ (X1, . . . , Xn) of size n drawn from
PXn|θ for some unknown θ ∈ Θ. The
redundancy of a joint distribution QXn is
defined as the worst-case KL risk of fitting the
joint distribution of Xn, namely

Red(QXn) := sup
θ∈Θ

D(PXn|θ∥QXn). (2)

Optimizing over QXn , the minimax redundancy
is defined as

Redn(P) := inf
QXn

Red(QXn), (3)

where the infimum is over all joint distribution
QXn . In universal compression, QXn is called
a probability assignment, and D(PXn|θ∥QXn)
is the excess number of bits compared to the
optimal compressor of Xn that knows θ [10].

2) “Prediction”: Next consider the prob-
lem of predicting the next unseen data point
Xn+1 based on the observations X1, . . . , Xn,
where (X1, . . . , Xn+1) are jointly distributed
as PXn+1|θ for some unknown θ ∈ Θ. Here,
an estimator is a distribution (for Xn+1) as a
function of Xn, which, in turn, can be writ-
ten as a conditional distribution QXn+1|Xn . As
such, its worst-case average risk is

Risk(QXn+1|Xn)

:= sup
θ∈Θ

D(PXn+1|Xn,θ∥QXn+1|Xn |PXn|θ), (4)

where the conditional KL divergence is defined
in (1). The minimax prediction risk is then
defined as

Riskn(P) := inf
QXn+1|Xn

Riskn(QXn+1|Xn), (5)

While (3) does not directly correspond to a
statistical estimation problem, (5) is exactly the
familiar setting of “density estimation”, where
QXn+1|Xn is understood as an estimator for the
distribution of the unseen Xn+1 based on the
available data X1, . . . , Xn.

Next we introduce some basic properties of
redundancy and prediction risk. First, by using
QXn+1 =

∏n
t=0QXt+1|Xt , the chain rule of KL

divergence tells that

Redn+1(P) ≤
n∑

t=0

Riskt(P). (6)

This inequality is known as the compression-
prediction inequality.

Second, both quantities admit equivalent for-
mulations in the Bayesian setting, where θ is
drawn from a prior π(θ). By replacing supθ∈Θ
in (2), (4) by an average with respect to the
prior π, the Bayes redundancy and prediction
risk are Iπ(θ;X

n) and Iπ(θ;Xn+1|Xn), re-
spectively, with the Bayes compressor/predictor

QBayes
Xn =

∫
Θ
PXn|θπ(dθ), (7)

QBayes
Xn+1|Xn =

∫
Θ PXn+1|θπ(dθ)∫
Θ PXn|θπ(dθ)

. (8)

Next, taking the supremum over prior π gives
the following dual representations of redun-
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dancy and prediction risk.

Theorem II.1. In general,

Redn(P) = sup
π

Iπ(θ;X
n), (9)

where the supremum is over all distributions
(priors) π(θ) on Θ. In addition, if |X | < ∞,

Riskn(P) = sup
π

Iπ(θ;Xn+1|Xn). (10)

The identity (9) is a general result known
as the capacity-redundancy theorem [11]. The
identity (10) follows from the minimax theo-
rem; the condition |X | < ∞ guarantees the
existence of regular conditional probabilities
and the weak compactness of QXn+1|Xn . See
[5, Lemma 34] for the details of the proof.

B. A simple example

When P is the class of iid distributions over
a finite alphabet [k], the following upper bounds
hold for the redundancy and prediction risk.

Theorem II.2. For fixed k ≥ 2,

Redn(P) ≤ k − 1

2
log n+O(1), (11)

Riskn(P) ≤ k − 1

n+ 1
. (12)

The upper bound (11) is obtained in [7], with
a tight leading term for fixed k by Example 4.
The upper bound (12) can be improved to
k−1
2n (1+o(1)) using an involved predictor [12],

and this is also tight by classical asymptotics
[13, Chapter 8]. Therefore, for iid discrete dis-
tributions, the compression-prediction inequal-
ity (6) is essentially tight. For completeness we
present a self-contained proof of (11) and (12).

Proof. The redundancy upper bound (11) can
be established by an add-12 rule, also known
as the Krichevsky–Trifomov probability assign-
ment [14]. For a sequence xt ∈ [k]t and i ∈ [k],
let ni(x

t) be the number of appearances of i’s
in xt. Let Γ(·) be the Gamma function, and

QXn(xn) =
1

k

n−1∏
t=1

nxt+1
(xt) + 1

2

t+ k
2

=
Γ(k2 )

2Γ(n+ k
2 )

k∏
i=1

Γ(ni(x
n) + 1

2)

Γ(12)
.

To upper bound the redundancy, note that

sup
θ∈Θ

PXn|θ(x
n) =

k∏
i=1

(
ni(x

n)

n
)ni(xn).

Using Stirling’s approximation | log Γ(x+ 1
2)−

(x log x+ x)| ≤ C for x ≥ 0, we obtain

log
PXn|θ(x

n)

QXn(xn)
≤ O(1)

+ (n+
k − 1

2
) log(n+

k − 1

2
)− n log n

≤ k − 1

2
log n+O(1).

Since this likelihood ratio bound holds for all
θ ∈ Θ and xn ∈ [k]n, this choice QXn attains
the claimed redundancy bound.

The prediction risk upper bound (12) can be
established using a similar add-1 rule:

QXn+1=i|Xn =
ni(X

n) + 1

n+ k
, i ∈ [k].

Let the true pmf be P = (p1, . . . , pk), then the
prediction risk of the add-1 rule is

E[D(P∥QXn+1|Xn)] = E
[ k∑

i=1

pi log
pi

ni(Xn)+1
n+k

]
≤ logE

[ k∑
i=1

(n+ k)p2i
ni(Xn) + 1

]
,

by applying Jensen’s inequality twice. Since for
X ∼ B(n, p), E[ 1

X+1 ] =
1−(1−p)n+1

(n+1)p ≤ 1
(n+1)p ,

the above quantity is further upper bounded by

log

k∑
i=1

(n+ k)pi
n+ 1

= log
n+ k

n+ 1
≤ k − 1

n+ 1
.

This is the upper bound (12).

C. Redundancy upper bounds

In this section we review some existing pro-
cedures for upper bounding the redundancy. We
begin with the iid case where PXn|θ = P⊗n

θ .
We will use a shorthand P = P⊗n

0 .

Definition II.3 (KL covering number). For
a family P0 of distributions, (P1, . . . , PN ) is
called an ε-cover under the KL divergence iff

sup
P∈P0

min
i∈[N ]

D(P∥Pi) ≤ ε2.
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The smallest integer N such that an ε-cover of
size N exists is called the KL covering number
of P , or NKL(P0, ε) in short.

Using the KL covering number, an entropic
upper bound of Redn(P⊗n

0 ) for iid families is
known [15].

Theorem II.4.

Redn(P⊗n
0 ) ≤ inf

ε>0

(
logNKL(P0, ε) + nε2

)
.

The proof of Theorem II.4 is simple: for
an ε-cover P1, . . . , PN , the average distribution
QXn = 1

N

∑N
i=1 P

⊗n
i attains this bound.

Example 1. When P0 is a distribution family
with logNKL(P0, ε) ∼ d log 1

ε , Theorem II.4
gives Redn(P⊗n

0 ) ≤ d
2 log n+O(1). This is the

standard scaling of redundancy, where d is the
“degree of freedom” of the family.

For general (non-iid) families, a more com-
binatorial argument is usually used to upper
bound the redundancy. For instance, the analy-
sis in Theorem II.2 upper bounds a pointwise
likelihood ratio rather than the KL divergence.
This leads to the definition of pointwise/worst-
case redundancy:

R⋆(P) = inf
QXn

sup
θ∈Θ

sup
xn∈Xn

log
PXn|θ(x

n)

QXn(xn)
. (13)

Clearly, Redn(P) ≤ R⋆(P). It turns out that
R⋆(P) admits an explicit expression [16].

Theorem II.5. For discrete X ,

R⋆(P) = logZ := log
( ∑

xn∈Xn

sup
θ∈Θ

PXn|θ(x
n)
)
,

where Z is called the Shtarkov sum. The min-
imizing distribution QXn(xn) is the normal-
ized maximum likelihood (NML) distribution
QXn(xn) = Z−1 supθ∈Θ PXn|θ(x

n).

By Theorem II.5, for R⋆(P) we only need to
compute the Shtarkov sum, usually via a com-
binatorial counting argument. The quantities
Redn(P) and R⋆(P) usually differ in lower-
order terms; see [17] for the simplex case and a
recent work [18] for the Gaussian case. Even if
we do not choose to evaluate the exact Shtarkov
sum, the idea of shifting to R⋆(P) is often

helpful for general P with dependence.

Example 2. Let P be the family of time-
homogeneous Markov chains on the state space
[k], i.e., PXn(xn) = p1(x1)

∏n−1
t=1 M(xt|xt−1),

with initial distribution p1 and transition matrix
M . In this case, by applying the Krichevsky–
Trifomov probability assignment to each symbol
succeeding j ∈ [k], we obtain kernels QXt+1|Xt

such that

sup
M

sup
xn

log
∏

t∈[n−1]:xt=j

M(xt+1|j)
QXt+1|Xt(xt+1|xt)

≤ k − 1

2
log n+O(1).

Assigning QX1
(x1) =

1
k and summing over j ∈

[k], we obtain

Redn(P) ≤ R⋆(P) ≤ k(k − 1)

2
logn+O(1).

Again, k(k−1) is the number of free parameters
in the transition matrix M .

Similar ideas can be applied to other time
series like higher-order Markov chains or hid-
den Markov models. We also note that both the
mixing distribution QXn = 1

N

∑N
i=1 P

⊗n
i and

the NML distribution can be hard to compute;
a notable example of computationally efficient
probability assignments QXn is the context
tree weighting (CTW) method. We refer to the
monograph [19] on these topics.

D. Redundancy lower bounds

In this section we survey some lower bound
techniques for the redundancy, and once again
start with iid models P = P⊗n

0 .

Definition II.6 (Hellinger packing number).
For a sequence of distributions P1, . . . , PM ∈
P0, it is called an ε-packing under the
Hellinger distance iff

min
i̸=j∈[M ]

H(Pi, Pj) ≥ ε.

The smallest such integer M is the Hellinger
packing number, denoted by MH(P0, ε).

The following result, due to [15], provides
an entropic lower bound of the redundancy.
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Theorem II.7.

Redn(P⊗n
0 )

≥ sup
ε>0

min
{
logMH(P0, ε),

nε2

2

}
− log 2.

Example 3. For iid models P = P⊗n
0

with d degrees of freedom, one typically has
logMH(P0, ε) ∼ d log 1

ε . Then Theorem II.7
shows that Redn(P⊗n

0 ) ≥ d
2 log(

n
logn)−O(1).

Next we move on to general families and
describe a useful lower bound program due to
Rissanen [8]. The key of this program is that
“good estimation implies high redundancy”.

Theorem II.8. Suppose Θ ⊆ Rd has a non-
empty interior, and there exists an estimator
θ̂(Xn) such that

sup
θ∈Θ

Eθ[∥θ̂(Xn)− θ∥22] ≤ ε2n.

Then

Redn(P) ≥ log Vold(Θ)− d

2
log

(2πeε2n
d

)
.

Proof. Let θ ∼ Unif(Θ), and h(·) denote the
differential entropy on Rd. Then

I(θ;Xn) = h(θ)− h(θ|Xn),

where h(θ) = logVold(Θ). By the Gaussian
maximum entropy principle,

h(θ|Xn) = h(θ − θ̂(Xn)|Xn)

≤ h(θ − θ̂(Xn))

≤ d

2
log

(
2πe · Eθ[∥θ̂(Xn)− θ∥22]

d

)
≤ d

2
log

(2πeε2n
d

)
.

The rest follows from Theorem II.1.

Example 4. For the iid discrete distribution
model in Theorem II.2, choosing θ̂(Xn) being
the empirical distribution gives ε2n = 1

n . In
addition, the volume of a (k − 1)-dimensional
probability simplex is

√
k

(k−1)! , a constant. There-
fore, Theorem II.8 gives a redundancy lower
bound of k−1

2 log n−O(1).

Rissanen’s program is a powerful technique
to deal with models with dependence, as long

as one can find a sufficiently large submodel
Θ0 ⊆ Θ and an estimator that works well under
this submodel. An example is the Markov chain
in Example 2, where a redundancy lower bound
of Ω(k2 log n

k2 ) is shown for all k ∈ [2, c
√
n]

using Rissanen’s program [20].

III. OPTIMAL PREDICTION RISK IN MARKOV

MODELS

While there are several techniques for upper
and lower bounding the redundancy of families
with dependence, much less is known about the
prediction risk. In this section, we review some
recent progresses on the optimal prediction risk
of Markov chains.

Consider a time-homogeneous Markov chain
PXn(xn) = π(x1)

∏n−1
t=1 M(xt+1|xt) over a fi-

nite state space [k]. We assume that the Markov
chain is stationary, i.e., πM = π. The optimal
prediction risk (5) is then

Riskk,n = inf
M̂

sup
π,M

E[D(M(·|Xn)∥M̂(·|Xn))]

= inf
M̂

sup
π,M

k∑
i=1

E[D(M(·|i)∥M̂(·|i))1{Xn=i}].

This prediction problem is a non-standard sta-
tistical problem: it is distinct from the param-
eter estimation problem such as estimating the
transition matrix M , in that the quantity to be
estimated (conditional distribution of the next
state) depends on the sample path itself. As a
result, this formulation allows more flexibility
with far less assumptions compared to the esti-
mation framework. For example, if certain state
has very small probability under the stationary
distribution, consistent estimation of the transi-
tion matrix with respect to usual loss function,
e.g. squared risk, may not be possible, whereas
the prediction problem is unencumbered by
such rare states. This brings the central question
of this section: is prediction possible even when
estimation is impossible?

A. Characterization of optimal prediction risk

For prediction in Markov chains, surprising
phenomena already arise even in the binary
case k = 2.
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Theorem III.1 (Binary chain k = 2; [21]).

Risk2,n ≍ log logn

n
.

The main feature of Theorem III.1 is that
the optimal prediction risk is strictly larger than
the parametric rate Θ( 1n). Compared with the
redundancy bound Red2,n = O(logn) in Ex-
ample 2, the compression-prediction inequality
(6) is no longer tight. In other words, optimal
prediction does not imply optimal compression
even in binary Markov chains.

Although we will not prove Theorem III.1,
below we describe the estimator that attains the
optimal rate. Based on the trajectory Xn ∈
{0, 1}n, let Ni =

∑n−1
t=1 1{Xt=i}, and Nij =∑n−1

t=1 1{Xt=i,Xt+1=j}. The estimator is

M̂(0|Xn) =

{NXn,0+1
NXn+2 if Xn /∈ L,
NXn,0+α
NXn+2α if Xn ∈ L,

and M̂(1|Xn) = 1 − M̂(0|Xn), where α ≍
(log n)−1, and L is the collection of “lazy”
trajectories taking the form 0 · · · 01 · · · 1 or
1 · · · 10 · · · 0. In other words, the same add-1 es-
timator is applied to most trajectories, while for
lazy trajectories a different add-α estimator is
used. To gain some intuition on the choice of α,
consider a slow-mixing chain with M(0|0) =
M(1|1) = 1 − 1

n and M(0|1) = M(1|0) = 1
n .

In this case, each of the trajectory in L occurs
with probability Ω( 1n), and the risk of an add-α
estimator on these trajectories is at least

Ω(
1

n
) ·

n−1∑
t=1

D
(
(
1

n
, 1− 1

n
)∥( α

t+ 2α
,
t+ α

t+ 2α
)
)

= Ω
( log( 1α) + α logn

n

)
after some algebra. Therefore, the choice α ≍
(log n)−1 attains the optimal risk O( log lognn ),
even restricting only to the trajectories in L.

At a high level, the above computation shows
that the prediction risk is strictly larger than
the parametric rate due to slow-mixing Markov
chains. On the other hand, consistent prediction
remains possible even for these slow-mixing
chains. These intuitions continue to hold for
general Markov chains with state space k ≥ 3,

though with a different optimal rate.

Theorem III.2 (General chain k ≥ 3; [4], [5]).
For 3 ≤ k ≤ c

√
n with some universal c > 0,

Riskk,n ≍ k2

n
log

n

k2
.

Again, for constant k ≥ 3, the optimal pre-
diction risk exceeds the parametric rate Θ(k

2

n )
only by a logarithmic factor, without requiring
mixing conditions of the chain. However, when
moving from k = 2 to k = 3, this logarithmic
factor increases from log log n to log n. The
proof of Theorem III.2 is presented in the
next few sections. In particular, we show that
although the compression-prediction inequality
(6) is not tight, the optimal prediction risk in
Theorem III.2 can nevertheless be derived from
redundancy in both the upper and lower bounds.

B. Proof of upper bound

The upper bound of Theorem III.2 relies
on the following inequality between the re-
dundancy and prediction risk. In iid models,
this type of reduction relating cumulative risks
and individual risks is known as online-to-batch
conversion dating back to [22].

Lemma III.3. Suppose each PXn+1|θ ∈ P
is stationary and mth-order Markov. For any
joint distribution QXn+1 =

∏n+1
t=1 QXt|Xt−1 , the

Cesàro-mean-type predictor

Q̃Xn+1|Xn(xn+1|xn) (14)

=
1

n+ 1−m

n+1∑
t=m+1

QXt|Xt−1(xn+1|xnn+2−t)

atttains the prediction risk

Risk(Q̃Xn+1|Xn) ≤ Red(QXn+1)

n+ 1−m
.

Proof. Based on QXn+1 , denote the t-th esti-
mator by P̂t(·|xt−1) = QXt|Xt−1=xt−1 , then

Q̃Xn+1|Xn=xn = Et[P̂t(·|xnn+2−t)],

where we use the short-hand Et to denote the
average of t = m+1, . . . , n+1. In other words,
we apply P̂t to the most recent t − 1 symbols
prior to Xn+1 for predicting its distribution,
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then average over t. To analyze its prediction
risk, for any PXn+1 ∈ P ,

D(PXn+1|Xn∥Q̃Xn+1|Xn |PXn)

(a)

≤ EtE
[
D(PXn+1|Xn∥P̂t(·|Xn

n+2−t))
]

(b)
= EtE

[
D(PXn+1|Xn

n+1−m
∥P̂t(·|Xn

n+2−t))
]

(c)
= EtE

[
D(PXt|Xt−1

t−m
∥P̂t(·|Xt−1))

]
(d)

≤ Red(QXn+1)

n−m+ 1
.

Here (a) uses the convexity of the KL diver-
gence, (b) follows from mth-order Markovity,
(c) is due to stationarity, and (d) uses the chain
rule of KL divergence.

Specializing Lemma III.3 to the Markov case
m = 1 gives the following corollary:

Corollary III.4. For Markov chains,

Riskk,n ≤
Redk,n+1

n
.

Using the redundancy upper bound (shown
via unfolding the k-dependence in Example 2)

Redk,n+1 = O
(k2
n

log
n

k2

)
,

the prediction risk upper bound in Theo-
rem III.2 follows from Corollary III.4. In ad-
dition, Lemma III.3 implies a computationally
efficient predictor: let M̂+1(xn+1|xn) be the
add-1 estimator under the trajectory xn, our
predictor is an average of add-1 estimators:

M̂⋆(xn+1|xn) :=
1

n

n∑
t=1

M̂+1(xn+1|xnn−t+1).

Finally, in comparison with the usual statistical
analysis of Markov chains, we remark that the
key advantage of our approach via Lemma III.3
is that it does not rely on mixing properties.
At the heart, this is because the worst-case
redundancy, an upper bound on Red obtained
by replacing E with max, becomes a purely
combinatorial quantity. In contrast, classical
statistical approaches work directly with E,
where mixing properties are often required to
make the underlying distribution tractable.

Remark III.5. For mth-order Markov chains,
the same program shows that the optimal pre-
diction risk is O(k

m

n log n
km ) if 2 ≤ k ≤

cmn1/m. This is also shown to be tight [5].

C. Proof of lower bound

Although the compression-prediction in-
equality (6) seems to suggest a prediction risk
lower bound, since t 7→ Riskt is non-increasing,
it does not imply a lower bound of an individual
term Riskn. Interestingly, our lower bound of
Theorem III.2 relies on a different reduction
from prediction risk to redundancy.

Lemma III.6. Let Psym
k be the family of all

stationary and symmetric Markov chains over
the state space [k], then

Riskk,n ≥ 1

4en

(
Redn(Psym

k−1)− log(k − 1)
)
.

Proof. The crux of the proof is to embed any
symmetric Markov chain on k− 1 states into a
k-state Markov chain, by adding a “lazy” state.
Specifically, let T be the transition matrix of a
general symmetric Markov chain on [k−1], we
construct the overall transition matrix as

M =


1− 1

n
1

n(k−1) · · · 1
n(k−1)

1/n

...

1/n

(
1− 1

n

)
T

 . (15)

In other words, the “lazy” state 1 has a heavy
self-loop and the probability of leaving it scales
as 1

n . For the other states, the transition matrix
T is unknown and the parameter of interest. An
example with k = 3 is displayed in Figure 1,
where state 1 is the “lazy” state, and the transi-
tion probability p between states 2 and 3 is the
parameter of interest.

Next let T follow a generic prior over Psym
k−1.

For t ∈ [n− 1], let Xt be the set of trajectories
xn with xs ≡ 1 for all s ≤ t and xs ̸= 1 for all
s ≥ t+ 1. On a trajectory xn ∈ Xt, by (8) the
Bayes estimator for M(j|xn) with j ̸= 1 is

M̂(j|xn) = P(Xn+1 = (xn, j))

P(Xn = xn)

=
(
1− 1

n

)
T̂n−t(j|xnt+1).
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1

2 3

1
n

1
n

1− 2
n

1
n

p

1− 1
n − p p

1
n

1− 1
n − p

Fig. 1: Lower bound construction for three-state
Markov chains, with state 1 being the lazy state.

Here T̂t(·|yt) is the Bayes estimator of T (·|yt)
given the length-t trajectory yt from the (k−1)-
state chain (call it Y -chain), and the second
identity follows from the construction of M
in (15) and algebra. Since M(1|xn) ≡ 1

n is
deterministic for xn ̸= 1, we obtain

M̂(·|xn) = 1

n
δ1 +

(
1− 1

n

)
T̂n−t(·|xnt+1)

for all xn ∈ Xt. This parallels with the con-
struction of M that

M(·|x) = 1

n
δ1 +

(
1− 1

n

)
T (·|x), x ̸= 1.

In other words, estimation of M on a trajectory
xn ∈ Xt is equivalent to the estimation of T on
a shorter trajectory xnt+1. In particular, if Y n−t

is generated from the Y -chain, this shows that

ET

[
E[D(M(·|Xn)∥M̂(·|Xn))|Xn ∈ Xt]

]
=

(
1− 1

n

)
ET

[
E[D(T (·|Yn−t)∥T̂ (·|Y n−t))

]
=

(
1− 1

n

)
I(T ;Yn−t+1|Y n−t). (16)

The key observation now is that each trajec-
tory class Xt occurs with a large probability:

P(Xt) =
1

2

(
1− 1

n

)(t−1)+(n−1−t)
· 1
n
≥ 1

2en
.

Combining with (16),

ET

[
E[D(M(·|Xn)∥M̂(·|Xn))]

]
≥ 1

2en

(
1− 1

n

) n−1∑
t=1

I(T ;Yn−t+1|Y n−t)

≥ 1

4en

(
I(T ;Y n)− I(T ;Y1)

)
.

The proof is completed by the dual represen-
tation of redundancy in Theorem II.1, and that
I(T ;Y1) ≤ H(Y1) ≤ log(k − 1).

At a high level, in our embedding (15), the
effective number of observations on other states
is roughly uniformly distributed on [n]. There-
fore, Riskk,n is lower bounded by the average
prediction risks on a smaller chain with sample
size ∼ Unif([n]), which by the compression-
prediction inequality (6) is lower bounded by
the redundancy of the smaller chain. Finally,
to complete the proof of lower bound in The-
orem III.2, we use Rissanen’s program (The-
orem II.8) in a similar way to [20] to ob-
tain a redundancy lower bound Redn(Psym

k−1) =

Ω(k
2

n log n
k2 ).

Remark III.7. This embedding critically relies
on k ≥ 3, for the chain T is trivial when k = 2.
This explains the technical distinction between
the cases k = 2 and k ≥ 3.

D. Role of mixing condition

Although the previous program of prediction
via compression yields optimal prediction risks
for general Markov chains, we note that an
improved rate is possible with favorable mixing
conditions while not captured by this program.

Specifically, we focus on the class of ir-
reducible and reversible Markov chains. It is
well-known that for such chains, the transition
matrix M has k real eigenvalues 1 = λ1 ≥
λ2 ≥ · · · ≥ λk ≥ −1. The absolute spectral
gap of M , defined as

γ⋆(M) := 1−max{|λi| : 2 ≤ i ≤ k}, (17)

quantifies the memory of the Markov chain.
For example, the mixing time is determined by
1/γ⋆ (relaxation time) up to logarithmic fac-
tors. To model the class of Markov chains with
favorable mixing property, let Riskk,n(γ0) be
the optimal prediction risk in (5) restricted to all
stationary, irreducible, and reversible Markov
chains on [k] that have absolute spectral gap at
least γ0. Our question is to understand how the
optimal prediction risk depends on γ0.

For binary Markov chains, we have a com-
plete characterization of Risk2,n(γ0) [5].
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Theorem III.8. For any γ0 ∈ (0, 1),

Risk2,n(γ0) ≍
1

n
log+ logmin

{
n,

1

γ0

}
,

where log+(x) := max {1, log(x)}.

Theorem III.8 shows that the parametric rate
Θ( 1n) is attainable in binary Markov chains if
and only if there is a constant spectral gap
γ0 = Ω(1); below this threshold, the prediction
risk is strictly larger than Θ( 1n), and saturates at
Θ( log lognn ) in Theorem III.1 even if γ0 = 0. For
the general case k ≥ 3, only a sufficient condi-
tion for achieving the parametric rate O(k

2

n ) is
known.

Theorem III.9. If k ≳ log n log logn and γ0 ≳
log2 n

k , then Riskk,n(γ0) = O(k
2

n ).

For large k, Theorem III.9 shows that the
parametric rate O(k

2

n ) remains attainable even
as the spectral gap shrinks. Remarkably, the
predictor achieving this risk is extremely sim-
ple: the add-1 estimator M̂+1(·|xn). The proof
of Theorem III.9 is primarily statistical, and
uses a recent KL concentration result [23] for
the add-1 estimator in place of [5, Lemma 17].

Finally, we note that, in contrast to prediction
risk, redundancy is insensitive to the spectral
gap. Indeed, the redundancy of the class of
Markov chains with an Ω(1) spectral gap re-
mains Θ(k

2

n log n
k2 ), shown by the lower bound

in [20]. Therefore, the program of prediction
via compression ceases to be effective in the
presence of mixing conditions.

IV. OPTIMAL PREDICTION RISK IN MODELS

WITH INFINITE MEMORY

In this section, we move from simple Markov
chains to general stochastic processes with pos-
sibly infinite memory. For such processes, our
online-to-batch conversion in Lemma III.3 may
no longer work as it requires a bounded length
of memory. A natural solution is to approximate
the time series by an mth-order Markov chain;
however, we usually need to take m → ∞ to
achieve a small approximation error, while the
optimal prediction risk for mth-order Markov
chains is Ω(k

m

n log n
km ) (cf. Remark III.5). As

a result, such approaches (like the one in

[24]) only achieve an extremely slow rate, like
O( 1

logn), for prediction. As we will show in this
section, such approaches are highly suboptimal.

A. A general online-to-batch conversion

In this section, we generalize the online-to-
batch conversion in Lemma III.3 from Markov
processes to general stationary processes. The
next result shows that, the expected relationship
Riskn ≤ Redn

n holds up to a “memory” term.

Lemma IV.1. Suppose each PXn+1|θ ∈ P is
stationary. For any joint distribution QXn+1 =∏n

t=0QXt+1|Xt , the predictor

Q̃Xn+1|Xn(xn+1|xn)

=
1

n+ 1

n∑
t=0

QXt+1|Xt(xn+1|xnn−t+1)

atttains the prediction risk

Risk(Q̃Xn+1|Xn) ≤ Red(QXn+1)

n+ 1
+Memn+1(P),

where the memory term is defined as

Memn+1(P) (18)

:= sup
PXn+1|θ∈P

1

n+ 1

n∑
t=0

I(Xn+1;X
n−t|Xn

n−t+1).

Proof. The proof is similar to Lemma III.3.
Let P̂t(·|xt) := QXt+1|Xt=xt and Et denote the
average over t = 0, 1, . . . , n, we have

D(PXn+1|Xn∥Q̃Xn+1|Xn |PXn)

(a)

≤ EtE
[
D(PXn+1|Xn∥P̂t(·|Xn

n−t+1))
]

(b)
= EtE

[
D(PXn+1|Xn

n−t+1
∥P̂t(·|Xn

n−t+1))
]

+ EtE
[
D(PXn+1|Xn∥PXn+1|Xn

n−t+1
)
]

(c)
= EtE

[
D(PXt+1|Xt∥P̂t(·|Xt))

]
+ EtI(Xn+1;X

n−t|Xn
n−t+1)

(d)

≤ Red(QXn+1)

n+ 1
+Memn+1(P).

Here (a) uses the convexity of KL divergence,
(b) follows from simple algebra, (c) is due to
stationarity and the definition of the conditional
mutual information, and (d) uses the chain rule
of KL divergence and the definition (18).
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We verify that the memory term is in-
deed negligible in Markov models. Indeed,
for mth-order Markov chains, we have
I(Xn+1;X

n−t|Xn
n−t+1) = 0 for t ≥ m. There-

fore, Memn+1 ≤ m log k
n+1 , which is negligible

compared to the target quantity O(k
m

n log n
km ).

In the next section, we will see that this mem-
ory term remains small for many natural time
series with even infinite memory.

B. Applications: HMMs and renewal processes

A natural time series with infinite memory
is the hidden Markov model (HMM), a useful
tool for modeling practical data such as natu-
ral language and speech signals. An HMM is
obtained by passing a Markov process through
a memoryless noisy channel. Specifically, fix
k, ℓ ∈ N. Let {Zt}t≥1 be a stationary Markov
chain on the state space [k] with transition
matrix M ∈ Rk×k. Let T ∈ Rk×ℓ denote
a probability transition kernel from [k] to [ℓ].
Let {Xt}t≥1 be an [ℓ]-valued process such that
PXn|Zn =

∏n
t=1 T (xt|zt). We refer to {Xt}t≥1

as a hidden Markov process with transition
probabilities M and emission probabilities T ,
while {Zt}t≥1 are called the hidden states. It is
easy to verify that HMMs have infinite memory,
i.e., I(Xt+1;X1|Xt

2) ̸= 0 for all t ≥ 1.
Let Riskk,ℓ,n be the optimal prediction risk in

the above family of HMMs. Using Lemma IV.1,
we obtain the following bound.

Theorem IV.2 ([6]). For n ≥ k(k + ℓ),

Riskk,ℓ,n = O
(k2
n

log
n

k2
+

kℓ

n
log

n

kℓ

)
.

If ℓ ≥ k and n ≥ kℓ, or n ≥ kC and k, ℓ ≥ 2,
this upper bound is also tight.

Proof of upper bound. For the redundancy,
since the HMM has k(k+ℓ−2) free parameters,
a redundancy O(k2 log n

k2 +kℓ log n
kℓ) is shown

in [19]. By Lemma IV.1, it remains to show

Memn+1 ≤
I(Z1;X

n+1)

n+ 1
≤ log k

n+ 1
. (19)

The second inequality of (19) trivially follows
from I(Z1;X

n+1) ≤ H(Z1) ≤ log k. For the

first inequality, note that

I(Xn+1;X
n−t|Xn

n−t+1)

(a)

≤ I(Xn+1;Zn−t+1|Xn
n−t+1)

(b)
= I(Xt;Z1|Xt−1),

where (a) applies the data-processing inequality
to the Markov chain Xn−t → Zn−t+1 →
Xn+1

n−t+1, and (b) is due to stationarity. The
chain rule yields the first inequality of (19).

The above proof shows that, despite the infi-
nite memory of HMM, the memory term in (18)
remains small and is controlled by a discrete
hidden state. As a result, the optimal predic-
tion risk O( lognn ), obtained via compression,
is much better than the upper bound O( 1

logn)
obtained in [24] via Markov approximations.

Another example of time series with in-
finite memory is the renewal process. Let
T0, T1, T2, . . . denote a sequence of indepen-
dent N-valued random variables, where Ti are
iid drawn from some distribution µ with a
finite mean. A renewal process {Xt}t≥1 is
binary valued such that Xt = 1 if and only if
t ∈ {T0, T0 + T1, T0 + T1 + T2, . . . }. We refer
to T0 and {Ti : t ≥ 1} as the initial wait time
and the interarrival times.

Let Riskrwnl,n be the optimal prediction risk
in all stationary renewal processes. Lemma IV.1
again leads to a tight characterization.

Theorem IV.3 ([6]). Riskrwnl,n = Θ( 1√
n
).

Proof of upper bound. For renewal processes,
[25] establishes a well-known redundancy
bound Redrwnl,n = Θ(

√
n). By Lemma IV.1,

it remains to show that Memn+1 = O(n−1/2).
To this end, note that a renewal process with

interarrival distribution µ can be represented by
an HMM with a countably infinite state space:

1) The hidden states {Zt} ⊆ N represent the
“countdown” until the next renewal, where
P(Zt+1 = i − 1|Zt = i) = 1 if i ≥ 2 and
P(Zt+1 = j|Zt = 1) = µ(j) for j ≥ 1.

2) Deterministic emissions: Xt = 1{Zt=1}.
Under this representation, we may apply (19)
to get Memn+1 ≤ I(Z1;Xn+1)

n+1 . Although Z1

takes infinitely many values, we may take Z̃1 ≜
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min{Z1, n + 2} so that Z1 → Z̃1 → Xn+1 is
a Markov chain. This is because Z̃1 = Z1 if
Z̃1 < n+ 2, and Xn+1 = 0n+1 if Z̃1 = n+ 2.
Therefore, by the data processing inequality:

I(Z1;X
n+1) ≤ I(Z̃1;X

n+1)

≤ H(Z̃1) ≤ log(n+ 2),

so that Memn+1 = O( lognn ).

C. Computational barriers

Despite the statistical efficiency of the
online-to-batch conversion in Lemma IV.1,
such a conversion may encounter computational
barriers when achieving the redundancy bound.
For instance, unlike the Markov case where the
optimal redundancy is attained by the compu-
tationally efficient add-12 rule, the redundancy
upper bound for HMMs is established via a
combinatorial argument based on the Shtarkov
sum in Theorem II.5. Specifically, this argu-
ment requires marginalization over all hidden
state sequences Zn ∈ [k]n. This exponential
complexity can be reduced using dynamic pro-
gramming:

Lemma IV.4 ([6]). The algorithm for Theo-
rem IV.2 can be implemented in nO(k2+kℓ) time.

For small k and ℓ such as k = ℓ = 2,
Lemma IV.4 yields a polynomial-time algo-
rithm. However, computational barriers still ex-
ist for moderately large k and ℓ. The next result
shows that this barrier is inherent under certain
cryptographic hardness assumptions, thereby
establishing a statistical-computational gap for
the general prediction problem.

Theorem IV.5 ([6]). For prediction in HMMs,
the following hardness results hold under cer-
tain cryptographic hardness assumptions:

1) For any ε > 0, k ≥ log1+ε n, no poly(n)-
time algorithm achieves o( log k

logn log logn)
risk for ℓ ≥ 2.

2) For every α > 0 there exists kα ≥ 2, such
that if k ≥ kα and ℓ ≥ nα, no poly(n)-
time algorithm can achieve o(1) risk.

Theorem IV.5 shows that as long as either
k or ℓ is large, no polynomial-time predictor
can achieve a reasonable prediction risk. These

hardness results rely on cryptographic assump-
tions, specifically the hardness of learning par-
ity with noise (LPN) and of refuting constrained
satisfaction problems (CSPs); see [6] and [24]
for details.

V. CONCLUSION AND OUTLOOK

This tutorial develops a statistical and com-
putational foundation for next-symbol predic-
tion, a non-standard statistical task of estimat-
ing a random and data dependent distribution.
Our information-theoretic framework clarifies
the fundamental distinction between prediction
and parameter estimation, and shows that pre-
diction can remain possible even when estima-
tion is impossible. By connecting prediction to
the classical problem of universal compression
through redundancy, we characterize statisti-
cally optimal prediction risk for Markov chains
and processes with infinite memory without
imposing mixing assumptions, and quantify the
effects of memory and mixing on statistical
efficiency. Beyond statistical limits, we identify
inherent computational barriers, showing that
statistically optimal prediction may be unattain-
able by computationally efficient algorithms.
Together, these results provide a unified frame-
work for understanding both the possibilities
and limitations of prediction in dependent data.

Looking ahead, an important theoretical
challenge is to explain the empirical successes
of large language models in next-symbol pre-
diction, and identify their potential weaknesses.
To this end, one can study a sequence of ques-
tions of increasing difficulty. The first concerns
the representational power of transformers,
namely their ability to implement a broad class
of prediction algorithms. When specialized to
Markov chains and related models, this ques-
tion has received considerable recent attention
[26]–[28]. The second concerns the prediction
risk achieved by the minimizer of the training
loss. For example, recent work [29] establishes
an upper bound on the in-context KL risk under
an implicit mixing condition, but it remains
unclear whether similar guarantees hold in the
absence of mixing. The third question concerns
the dynamics of transformer training, including
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how gradient-based optimization learns Markov
models [28], [30]. A closely related question
is why training overparameterized transformers
on simple Markov models does not appear to
induce spurious long-range memory that de-
grades prediction performance. Together, these
questions point toward a unified theory that
bridges information-theoretic limits, optimiza-
tion dynamics, and architectural inductive bi-
ases in modern large language models.
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