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Coveringand packing

Let (X. d) be a metric space ,
and A-X be a compact set .

&eth (covering) PXiXeY2X is an evering(ow E-net) of A if

A &EB(xi : 3)
,

with B(Xic) = (y = X : d(x
, y) = a) .

#(packing) [a.. .... an] [A is an -packing of A if

min d(ai
. aj) > s.

i =j

#(covering and packing numbers)

N)A
.

d
.
2) = mindn : =E-covering of A of size n)

M/A
,

d
, 2) = max (m : E -packing of A of size my

Q ②

Basicrelationship .

M(A .
d

.

22) = NCA .
d . ) & MLA .

d
, a)

(In other words
, up

to a multiplicative factor of 2 on a
,

it's equivalent to

consider covering or packing numbers. (

I .
D : If M(A.

d
.

2a) > NIA ,
d

. 2) + 1
, by pigeonhole principle ,

-> two points X
.

X in a (227-packing belong to the same ball Bly ; a) in an a-covering

=> d(x
.
x) = d(x

, y) + d(X
- Y) = Is

,
a contradiction to (29)- packing .

&: If a
,

. . .

, an is a maximal a-packing of A
.

it must also be an -covering :

if not
,

then EaA s .

t
.

da
.
ai) > < Vicim]

=> Sa , ..... an al is a larger s-packing ,
a contradiction. E

~ounding the covering/parking number
.

#volume
bound

:
Let I'll be any more on R B = Ex : x be the unitblue

(NLA , 11
,

2) =MCA
.
I . 11

,At



If
.

D :
As A- B(Xia) for an a-covering (x...... X.].

Vol(A) Vol(B(xi : <) = mad . Vol(B) = n =(
②: As Bla;) &A + EB

,
and the sets are disjoint under an a-packing Sa...., and

vol(A+B)> vol(Blai : Ex = m()"VolLD) = m =(

Expl
.

If A = Ex : /IXII-13 is the unit ball under the same morm
.

then

(t*
- NLA ,

111
,
9) (I+E)= Led for all Oce .

#xample1
. 2) Gilbert-Varsharov bound)

. If A = 50 ,
199 and dn(X ,

x)= 1X: X) is

the Hamming distance
,

then for 12-d-1 :

=M(Adr
If r = pd with d-s

,

then by Stirling's approximation , (h(p)
= plojet

2d(l-h(p) ++(1) M(90 .
139

,
&H

,
pd) = 29(1- h(() + o()

&

+ (1- plogap)

If
.

Left inequality : M(ri, N(r) and 90
. 159 B(X: 2).

Right inequality: Blai < LES) -
> 90, 13d and balls are disjoint. E

dakovninoration:
Let wA) = Ep(z) ,

E-NI bethewith a

W(A) Cs aA,
(Two results needed to prove it :

① Skepian's lemma : let X
,

Y be centered Gaussians in R& with

EICY: -Y; 12] & EECXi-Xi)] Vi. je[d]
.

Then ElmaxYi] & ElmaxXi]
.

② Maximum ofr Gaussians : let X.. .... Xn "No , 1
.

the

#[maxX: ] = (1 + 0(k) · Ettoga. (



#of Sudakov minoration
.

Let Sa, : and be an optimal -packing of A
.

Define X : = < ai · 2) (with zvNIo, Id)) ,
and Y.. ....YeNo,) .

Then EILY: -Yj)
<

] =
"

= llai-a; /I = E[(X:
- Xj)=]

=> r(A)-ElmX: ] = EImY: ]= CHOCK) tom.

Example1 .
3

.

When A = B ,
= Ex : /XII , E13 ,

then

w(A) = ESPxz = EllEllog

=> logM(Bi . 11.112
,

a) =Ol
In fact, it holds that

log M(B.. llle
. a) =& ifavolume bond is titthe

it< 1 (Sudakov minoration nearly achieves

the fight upper bound

&Maurey's empirical method : let (H, < ...7) be an inner product space ,
and T & H be a finite

set
.

Then
NCcoSTY

.
Ill

.
c) (IT) ,

or

witho= /X-ylI is the radius of
T

.

# We use a probabilistic argument .
Let T = Sti try ,

and a H satisfy r = maxti-all .

Then for any xEconvIT)
, we have x= xiti for some xio . EX:

= 1.

Let Z be an H-valued RV S
.
t

. P(Z = til = X: iem
,

then X = ETE].

Let E 1. " In be ind. copies of E
,

and E= (c+ Zi) . Then

FINE-X]=
=> FIllz-all2]

convexity => r2 as EZ = X
.

Consequently , if n : Th7-1
. E realization of Est

.
1X-Ellea

.

Meanwhile,

= - [ (+iti):Y with cardinality (n



Earple13outdBove
... ed) ,

with ralshe

log N)Bi
. Hilla. 2 ) Elog (2-2)=O if

#re resultswith pro ad Bp := EXERC : 1x/p = 13
,

then

logN(Bp.

11 . 11) ,
a) [pgGifS

② Let N(A , B) be the smallest translations of B that cover A
.

There exist universal

constant d
. $30 such that , for any symmetric convex body A.

· logN(Br.A) =log NA , <Bu) - Blog NIBr
.

23A) .

where A = &y : Su(X, Y)[1) is the polar body of A.

③ Let H = &fe (50. 13) : If llaE13
,

then

log NIH'
, Illp ,

a) Ip&'5 for any 18910.

& Let Fm = /f : [0 , 1) - 10 .
1 %. / is non-decreasing) ,

then

logNCFm .
11 . llp ,

a) Ips for any 18p0 .

⑤ Let Fc = (f : [0. 1) -> [0. 1] f is convex) ,

then

log NCJc
.

11 · llp.
a) Ip for any 12p > 0.

EcobalFano's method

Recall the steps of Fano's inequality :

① Find a pairwise separated set SP . :On] # st
. for all itjo

min <(8 :. c) + (10) , a) >
atA

& Try to upper board IIQ : X) with O-Urif(0..... Pn3) and X10-Po

③ If I(0 : X) < -logm ,
then the minimax risk satisfies r

*
= &(8)

.



Step D is packing : if there is a metric d(0 . 03 satisfies

in L10.
a) + (10a) > h(d(00) for an increasing function h : R+

- R-

then a S-packing [0..... Om3 of under d satisfies the separation condition with O = h(S) .

& Is there a general upper
bound of ICO : X)

,
or more often .

I(O : X") ?

# This is possible using a covering of (Poloco under KL !

&ef. For a family P of distributions and 230 . let NK14 ,
a) be the smallest integer n

5.t
. E distributions &

..

"

, Q. (not necessarily in P) satisfying

Sup min DPQi

(Dan is not a metric ; Qi in second argument)

Intropicupper board of ICO : X"))
.

LetOu it with supp(a) = Do
.

and XIO-p

Then

I(0 : x2) &if (nar + log Na((Polo ·
<))

.

# Recall the "golden formula" in Les 7 :

I(0 : X) = M Fo[D(P1lQx)] ·

For an a-covering of (PoSOO
·

Q1
.

- ". QN with N = Ni ((P1)00
·

3)
,

choose

= .

The for Or T

Pl = Ep[loga
Flog + logN] (Eximaxx

-
> m Epon[log] + loN

= min mDm(PollQ : ) + logN
i [N]

= na + logN a .s . for Otto El



Diagram of global Faro's method
: for hyperparameters. [0

.

2
,

800 :

& Find a metric d(0 . 0') satisfying min L10 . a) + 110
.
a) > h(d(0 . 0') for an

increasing non-negative function h
,

and find a S-packing of Go under d.

② Find an e-covering of (40) 000. under KL.

③ Apply Faro's method to conclude that

r*(19Not l,
Optimize over (Do

.
8 .

2) to make the lower bourd as large as possible.

Example(GL) .

X .....XeNI) with unknown DER

24painspoll-Mp]
P = x

-

#oflowerboa.Choose D=E : Dollar ,
then for any a

*=6)NISNOIStn
o,

= S11-Q.R
+ lo)

.

(DINIIINIO
= 110 - o'lli (

Choice of 2 : We choose C = *
,

so that log N = log1 = 0.

Choice of 46 : for pt(2 . 8) ,
choose f = &*-E

,
so that

log McDo , Hillp .
8) &.

For p = co
,

choose F1 ,
so that log M(Q

,
Illo

.
8) [logd .

Choice of r : now we have

r
+

= 9
rd-* ))-mtlog) if pe(2 .

- ,

r(l-loss if =

So~ gives>



Zi .e .
the function space is HSEratricdiy esiiodwith

a

#lower bound
.

Consider a subset HHS : HS = SftH : f >E or [0 . 17] ·

Then for f . g Ho
·

Dm(fIlg) = X
2

(fIlg) = allf-gll2

=> Naz(Ho . ) E NIH
.
Illa.) NCH

.
Illa,)

By global Faro
, for any a

.

830
.

#Stric entropy bounds

for Ho (

Choosing 2 = S =n gives
*

= &In2) E

Example2
.
3 (Isotonic regression) X

..
..., X=It4x

,
where (the known or maknow) PX

has a bounded density on [0 .
1)

.

Conditioned on X
.

Y: NCf(X) .

1 With

f Fu = (f : [0. 1] -> [0. 1)
, f is increasing ?

Target :

ifsu EfllE-flp) In , for all ptIl

#of lower bound
.

Since Px has a bounded density ,

Pk(Pf(lPf) = & If- f'(i<x)
= 0(1) . Ilf - f'll

=> Naz) (PfeFe .
2) = N)Fr ,

11.112, )
.

By global Faro :

* 26(1-
Em

.
Kille.) + Ma + log2,

log M) Fr
. 11. 11p .

8)

-S)1 - Eatlo) Clog NF
. Hp.)

Choosing & In-Y and SinB
,

we obtain r*=& In'). E



Example2
. 4 (Convex regression) Same setting as Example 2

.
3

.

but with FM replaced by

5 = If : [0 . 1) -> [0 , 1)
·

f is convex)
.

Target :

infEll * -fllp]pF , petl

#of lower bound
,

similar to Example 2
. 3

, now with logN(Fc . /p.

a)p.

Example2
. 5 (Sparse linear regression) y MNIXP .

In) with fixed design XIR***
where all singular values of X are OCN)

.
The unknownparameter OERP is sparse :

1) Ollg ER for some ge (o
,

1)
.

Target :

infSup El-Op]R for small enough
R f(n,

d) .

#lowerboura of ByR) = POERt : 110119 = R) :

log M(By(R) ,
11 · 11p .

S) (B) logd if Sc Rd
*-E

2. KI covering of P = /NIXO
,
I

. ) : 110119 = RY :

Da (NX , 1) I NIXO , I) = 11x10-d'ill = O(n) - 118-0'll

=> log Ni (4
.

9) [log N(Bq(R) ,
11 . 112.

& (Elogd if a Rind-

Now choosing

↓.
miss

then
S

Log Nayla I d E Rn(logdyt
and global Fano gives the result. E



&ecial topic : generalized Fano with X-informativity .

Since the proof of Fano is simply DPI
, replacing KL by other f-divergences

also leads to meaningful Bayes wisk lower bounds.

Ihm
.

For ow it
,

it holds that

P(L18
. X) *) 1-90- to:)

.

where Po = Sup/L(0 , c) < 0) is the small-ball probability ,

and

[x(0 : X) = inf XPox 11 NoQX) = it Fo[XYPxolQx)]Qx

is the X"-informativity
--

If. Apply DPI to :

Pox

Tax
40 . x30 /Berrios

-

We get :

* ( Pax1InoQx) > xz(Berr(p(((0 . x) =8) 11 Berl > 1- pol)

3OX-C-Po if PEXE

Taking if over Qx and rearranging gives the result - E

Similarly
,

we have an entropic upper
bound of Ixl0iX) based on X"-covering.

Ihr . Let P = 1000 and supp(i) [0
.

Then for Or it.

Ix-(0 : X) + 11 inf (I+ &2) Nx(4· a)
,

2 > 0

where
Nxz(4,

1) = mindn:min Supm*Pas
# Exercise

.



= i T

-

Example
Gaussian model with uniform pror) .

Let X-NOI) with O UnifBIR

r = if Fo[l] =d if R = &(e)
.

#lure of mutual information. For DE 10 . R)
,

the small ball prob. is

Pa =

Sup + (10 - all = a) = (*)%

For the mutual info ,
the entropic upper bound gives

I(0 : X) =f(log N(Bu(R)
,

11 . /In
,

a) + 94)

I t (dlog + a) ~ dlog if Ro

Therefore ,
Famo gives that

Sup (1 -A
Usually we make

dlog = (l-p)dlogt => D =deteRi
, for some constant poo

-

=> r =M(d) = 2(d . (2) F) is weaker than M(d)
·

#usinginto.The entropicupperboudgie+i) (x(N ,
I)((N(0 ,

1)

= ello-o'll - 1)

= is (It is" = exp/dlog for R>Crt
,

by choosing 1 + s = ed

Therefore , generalized Faro gives

5/1-()-exith
small constant 2

= r(d)
.

El



Example3. 2 (ridge bandits). #-NIf((** a)
, 1) for O

* -Urif(Sd)
.

5 known link function [1 . 1] -> R
, increasing ,

and flo) = 0
.

#target: Define a recursive sequence
with a large constant 230 :

2 =Cs
·
[F = 2 + = g(2+) (g(x) : = max((f(x)) . (f(- x)(3)

Then for any interactive learner
,

#) (10* asl * Es for all 1s + ) > 1-t8 .

Remark : 0 The sequence (2) is a pintwise upper bound on the learning

trajectory ofay algorithm
⑧ The growth EE-55 increases with : interactive learning becomes faster

and faster !

Entrition. Let It = I (H+; 0
* ) : = I /at r+; 0

*

). Ther

It - It = I(0*; r++ (H+ , a++ )

-
> ELDi(N(f((o*. a+)

.

1) 11 N(o . 1S)] (Golden formula)

= Elf((O*, a+>)"]
.

We air to upper
bound this information gain .

A key observation is that,

ILO*, ata) ICO*; Ht) = It
,

so att is "constrained" in information ,
and we expect <** c++ > to be small .

The intuition is that :

I(0*: a) [da2 => K **, a)) * whp. (* )

If (* ) were true
,

we'll get the recursion by the correspondence It daF

However
,

mutual info is not strong enough to ensure (*) : Famo only gives

4 (10*. / = 2) > 1-oo+
apply unior bound !



#sing X-info. Let Ex = &K**, al = Es]
. Define a slight variat of X-into

as

IX : Ye)=PellPxQy]

then we can still get
↑ (k * *, a)) = q)E) > 1 - Ge

-codaFo: alE)1
.

-

for fixed a

4) (10*, as ( (a) - e

- Codan

The crux of the proof is to establish the following recursion :

Ixr(0: HelET) +-MOTHE
If (* ) holds

,

then IxLO*; H+ /ET) ->= exp19(3)) .

So

P(E+ (E+ ) >1- 4e

·
=> PLE+H) = P(E+ ) - PLE+H (E+ ) > PLEt)-f

.

E

#*He(E
+ ) + 1 =HE dedat T

= inf/ datdr+

ag((+) on Er
-

~He s
do

*

da+ dr
+- 1

= (Ix(0*; He-(E+ -1) + 1) El


