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Recall : Po : statistical model with unknown parameter OEQ

~Po : observation

↑=(x) : estimator

L (O ,
a) 30 : loss function

Iget of upcoming lectures : characterize the minimax rick

r
*

= inf sup ELIOEx

*per bound : construct an estimator & and analyze its worst-case risk

erbound (*) : use information- theoretic arguments to show a fundamental limit

for any estimator

etuhaymptia, exact constantt rate

#levelideayPrioranalyzing the Bayes risk

can both be hard

· try simpler priors :

1) binary hypothesis testing :# = Unif (900
.

0
. 3) The Cam's two point method

2) testing multiple hypotheses: = Unif ((0...... Om]) (Assoned
, Fanol

=an's two point method

#m Suppose Oo
,

0 . ① satisfy the separation condition
:

in ((100
,
c) + L(0

,
a)) > 0

.

Then

r
*

2 if z (EL(0 .

8) + #
,
71@

.. @)) = &C1-TVLPoo
,

Po
. ))

.



General paradigm of applying two point method : find two points O
..

D
. E ⑪ satisfying

· separation condition
: inf (2(8

,
a) + 210

.
a)) >

(no single action performs uniformly well under 00
.

0 .

· indistinguishability condition : TV1400
·

40 . ) = 1 - 1(1)

(no test can reliably distinguish between Poo and Po
.
)

By the joint range of TV vs
.

H2
,

KL
, X2

,
the second condition is implied by :

& H2Poo
.

Po . ) = 2-121)

② DandPo
.
IPo) = OL1) or DaLPa, 1140) = 0(1)

⑧ XIProllPa) = OLS or X(PallPoo) = GLK

& [18 : X) =log2 - M(l)
,

with OmUnif ((Po
.

0 . 3) (exercise ! )

# For any estimator 8 =IXI
,

# ((00
,
8) +0 ,

L(0 ,
8) = S((00 ,

8(x1) Polx(dx + Sh(0 ., 8(x))4o
,
(x)dx

- SmindP0(X). Po. (x)]dx

= - Jt (Pa(x) + Po
.
(x) - 140(x) - Po

.
(x)//dx

=> (1 - TV(400
·

Po
,
)) E

Despite the simplicity of the two-point method
,

it has numerous applications.

ple1 . 1 (normal mean estimation] X ~ N(0 , 07
,

unknown OZR
,
K

known &"

Target : r
*

= infsyp ETCO-Ol]
Clearly , by choosingCX) = X

,
we achieve r* &.

To lower board r*, apply two point method with 80 = 0
.

0
.

= 8 :

· separation condition : 0 = E

· indistinguishability condition : TV (No, 0 .
N18

. 04) = 2)1-e)
Therefore ,

r* SR-E) = 0
.
3320

(Compare with r
*

= & by Anderson's lemma in Lec 6)



Example1 .
2 (Binomial model) Let XwB(n

.
0) with unknown Ot [0

.
17 .

Target : r
*

= int sp Fo[(8-0)]

Upper bourd : choose IX)=*, then

FoLC-o]= = O(t)

Lower bound : apply two point method to 0= *
,

0=+ it
· separation : 0=Lt)" = R(t)

· distinguishability : Dm(B(n.
0 . ) 11 B(n

.
00)) = n . Daz(Bern (0. % 11 Bern (801)

= z((1+ =)log(1+) + (1-)log()-

= - O((() = 0(1)
.

This implies r
*

= &(t) as well.

Example1
. 3 (functional estimation] XF(X...

-

. X . ) are ii.d
.

draws from an unknown

prf P = (p ....
:

, Pr) ·

Loss :
L(P

.
a) = (a - H(P)/ Centropy estimation

Result (Jiao et al
. 15 ; Nm and Yang'16) :

r
*

= if s Epl-H(P) + if kinlogn

ofthe simpler 12)) lower bound : since Dr(PXIP01l4XIP,
) = nD(PolIP)

we solve the optimization program motivated by the two point method :

max (H(P. ) - H(Pl

s
.
t

.

Try Po = (,..POP .....)
Then DalPollPi=g = Olt if=O)

,

1H(Po) - H(P , )) = / log2 + log22k-1) - ElogF-log

Clogk .

Therefore ,
choosinga proves that r

*
=r ⑫

(The other lower bound 12)Toga) is proven using a more involved two point
method

,
which will be the topic of Lec 8 (



Emple1 . 4 (two-armed bandit) 0 = (M, M) [0 . 172

Observation : for teIT]
,

learner pulls an arm+ S1 . 23 based on (tr++
).

and observes reward r+ ~N(Mit .
1).

Learner aims to minimize the regret Rt (t) = Tmax(m. M. ]-Mit

We will show that= inf sup Emm[Rtit] = R(Agios x To
# Micha :

Im. -Mel

(In particular ,
choosingI gives the usual lower bound RIM) for two-armed bandit)

# First
, by the chair rule of KL

. we have (exercise)

DKz(Pamel Prim)=Ep[ = 1++ =2)

= EP [T]+MEP [Tr]
where T:= = i) is the total number of times we pull arm it 91 .

23.

Motivated by this
,

choose two points (M. MS = 10
.

03
· (Mi . M2) = 10 , 20)

·

The separation parameter is To (why ? )
,

and

D(PrimellPrim) = 28 Elta] (E := Epum) .

Two point method then gives r
*

= R(To . exp)-202 #
, [Tz])

U-TV(P,
Q) texpl-Da(PlQ)(

Note that E.[Tz]ends on the policy it
,

and this lower bound is useful only

if EITz] is small
.

To address it , note that we have a different lower bound :

r
*

> E
, [R+ (π)] = 0 . E

, [Tr].

thus r
*

= R(max[0 · E
, [Tz]

.
To expl-2@2E,

TT. ]]]]
= R(min max 30To

.

To . exp(-25
:

To)3)
To Clo ,TJ

=R(ToTo E



=ple 1
.

5multi-armedbandit Sureobservationmodelnow
with Kansas

We will show that
r= i Sup EIRt(t]

= RINT) .

(Interestingly ,

two points suffice for this example !

#
.

Choose 8 = (8 ,
0

,
0 ...., o

02 i = (0 ,
0

,
..., 0

,
20

,
0 ...., 0)

,

i = 2
,

..., K
.

For each pair (0 .. 02 .: )
.

the separation parameter is always To.

In addition, for any policy #t
. Drz)Po . 114 :

) = 20 E
, [T: J.

(recall Ti=1= i)

I eyobservation : since ETT: J &T
,

there must zio s .
t

. EJT: ]=
Now applying two point argument to (0

.
02:0) andI gives

DizlPo
.

11 Pozid = O/K)
,

and therefore

r
*

= r(Tb) =r()
.

E

Festingmultiple hypotheses

#wopoints may fail ? Look at normal mean estimation in high dimensions :

X ~ N10 . "I
.
)

,
with loss (10 . 8) = 11- Oll2

.

Two point method gives at best

*Sup M-
This doesn't capture the dependence on the dimension n ! (Recall that

r
*

= not by Anderson's lemma)

At a high level
,

this is because testing between two hypotheses doesT

capture the true difficulty of a high-dimensional problem !



-hallengein high dimensions
:

· separation condition : there might be different separation conditions

· indistinguishability condition : instead of the binary testing case where 1-TVCP
·
Q)

is a fight measure of the test measure
,

this fight measure in the multiple

hypotheses case is often not tractable (and needs further lower bound

-airwiseseparation : Fano's inequality

#m Let 8 .. . . ., Om E ① satisfy

min inf(((Oi . a) + L(0j · a)) > *.

ifja

Then for it = Unif (Se, .... Ony)
.

r)1-loy ,

Out XP

Before we prove it
, we establish a useful "golden formula" for mutual info :

Lemma
,

I(X : Y) = min Del PxyllPxQy) = mi EPID(PyxlQy

# Simply note that I(X : Y) = Drz(Pxyll4xQy) - PrnLPylQu]
.

VQy
.

El

Fano. Pox

&A110.x
Berr(1P(((0 .) <=)

PoPX
&
Bern(a)

Note thatIn by separation condition. Then DPI gives

D(2(Bern(4(((0 .
8)<E 3) /1 Bern(q)) = [10 : X)

=> P(((0 .)E)-1-Fos The rest follows from

Markov's ineq
. El



In fact ,
the previous argument establishes a general result :

#/generalized Fano). For any prior it and >0
,

&(1-2) , OX

where Po = Sup #)L10 ,
a) < &) is the "small-ball probability".

The classical Fano's inequality is a special case with ~ Unif)(0....: Pm3) and a

pairwise separation condition
.

tiveseparation : Assorad's lemma

#m. For a hypercube parametrization MESEIS ,
associate On ->

Suppose inf (210u .
a) + L(0m· a)) < 0- (U U : )

then for the priort = Unif ([Qubnesd).

whereS
The following corollaries are often used :

Crollary1 : r 1-umneighbors
TV (POn

·
Pon))

.

(the classical Assonad)

Collary2 : >1 - Emenities Einrnitsta TV) Pon
·Panth bit

flipped



#o Assomad. For any estimator &
. construct = (4

.

: ... d) E91139 as follows :

Y = argmin L(Ou
,

8) .

Then Fut(11]

(10
.8) L

=> FontLiqu.)] Pa (n::)

= (Pit( +1) + Pi
.

-(+ -1)

(1-TUPit .
Pi .

-3)
.

E

(Exercise : show that t TVIPit
.
Pi.) = 1-211)>IVi : X) = log2-R(D

for U-Unit (S1139)

In addition
.

Since ICU :X)I(Ui : X)
,

under this hypercube condition .
Assoned is

no weaker than Fano

Fano and Assoned are good at proving lower bounds forhigh-dimensional targets.

2. 1 (normal mean model) X-N10 . I. ) .

(10 . 8) = 110-Ell:

We will show that r
*

= &(na").

#Fano.ConstructasubsetGoo
(with STBSo

110-ell

By Gilbert-Varshamow bound below
,

we can make meth? Then= and

ICO :XMDLNIN
=

Fano => r
*

=R(S)1-2) r
*

= 2(n+2)
.



&emma(Gilbert-Varshamov) =AISIIY"s .
t

. Mi1(r + vi) 3 d
,

and

u = us

m = 24-he Cha(x) = xloga* + 26-x)loje)

P. Volume argument : FRESEY
.
IU'ESE:1)=-13)= (5) .

So if may ,

there must exist some ned11
"

with distance d to all

existing points. ↳

#2)Generalized Fanol Let Or Unif(IS]"
,

then IIO :X)
Pick= then the small-ball probability is

Po =

Sup + )ll0-allica) = sup (10-Ell:<40)=4)
↑ ESIS]Y

Stirling
* = arguin 11a-Oll f = r

+ ) = M(no)
.Therefore ,

we again get r
*

=&(n(1-Et

#

AssoForSetOnTheN
Choosing S = 0 . Assored's lamma gives r

*
= &Inc) = R(nw").

#ample2
.
2 (learning theory) .

(X .. Y. ) ..
"

,
(X

. Yc) ~BXY (unknown) with Yitdo .
13 .

Let J be a given class of functions X + 90
,

13 with VC dimension d.

Excess risk for a trained classifier F : X + 30, 13 based on (X
.. Y. )

.

"

, (X
.

Yn) :

ERE) : = ER(5 : Pxy) : = PxyLY#f(x))-minPxy(Yf(x)
We will show that for n > d.

inf S EERI] =RI Cagnostic setting )

inf sup EPxyTERIE)] = R(f) (realizable setting )

F PxY : EfeF
Y =f(x)Pxy - a

.
S
.



&call
: VC dim(F) = d => EX

, ... XdeX
.

FRES#1] EfEJ st · fulxi) = Mi

Vie [d].

flagnosticcase)
.

Use X..... XdeX and &fulness F in the above definition.

Under me S11jd · construct Pu : = Pxy
,
u as :

~ Unif ((X... X13)
. YIX = X :

= Sup
· Separation condition
:iPu(f(x) )=I

-fo :

ER(fo ,
Pu) + ER(fo .

Pr)

= PulY #f.
(x)) + Pr(Y +fo(x) - 2) - S)

> ((nu) . 1 + f(mi = ui) . (1-26)) - (1- 26)

= 1+ u) = 0 =-
· Indistinguishability condition : for neighboring u

.

n'
:

Daz(P11 P) = nDkz(PullPw) = n.P (Berle + 6) // Berr(t-S)

= O() for S =-R(k)
.

Finally , choosing =F .
Assored's lemme gives r

*
= &(d) = RIVE)

(Realizable case) For nESD .
El ... ID)

,

now define Pu : = PXy
.

m
as :

X =(d - Y(X = x = m w- p. 1.

Clearly Pe(f(x) # Y) = 0
,

Fu .

· Separation condition : 0 = I by a similar analysis

· Indistinguishability condition : for u = u*

TV(P
.
PE) = P(X: appears

in X ...... Xe) = 1-11-t)" = I-R11.

Therefore ,

Assorad's lemma gives r
*

= R((d-10) = RI).

(See HW for a further generalization. (



Assomed's lemma is also surprisingly flexible in sequential settings .

Emple2
.

3 (distribution estimation under sequential communication protocols)
communication protocol

~
It to be designed

Let P = (p, ,
.... pr) be an unknown pouf. Xi -> Y, [l]

The observations are X.. ....Xn 4
,

butI must (xe.x) Y + +es)-:
be formed via the distributed diagram on the right .

(X-
, Y

"

) Yet [l]

distributed central
together with communication constraints & -K. nodes Server

finactor

We will show that
,

r
*

=inf sup EpTTVP= ) itYe

# WLOG assume K is even
.

For me CE1Y2

,
construct

= (18mE... So TB

Easy to check that 0 = &(f). Next we use Corollary 2 of Assorad's lemma

and try to upper bound

EnEi[TV(Pyn · Pyuti)] [F[TV(Pyn. PynT] (Jensen)

MFTLH(Pyre
·
PrueT] CTV - HY

·Fi FRyt[H2(Py2 , Pyeliti)]

& Jayram's subadditivity of H2 in Lea 3)

Note that Pyly+ n =Z Py+ Y+. X+= X
· Pe(x)> Py+Y+ X = x,

So

*(P1YE
,

n: 11 PyY
,n)zey+ ,

20 :
- Pyt =elyt-u)

xPy+ = y(y+ X+ = x

=2k
P=

xeik)
Py

+
= y(Y+" . X+ = x

a



Therefore ,

# [H(Pylytn . Pylytne)] < E
: [ **(Py1y+, no : 11 Pay+ nS]

=O
Putting everything together ,

Assonad's lemma yields

r
*

=R(f)1 -OldM
El

2)topic : interactive Le Cam

Model for interactive decision making :

· unknown true model M
*

in a given model class M (e .g· reward distribution of all arms)

· at each round + = 1 ..
"

. T :

& learner chooses an action at + A ;

② nature reveals reward r [0
,

1) and possible additional observation of

with ETr-lat = a] = rM
*

(a)
,

and (H .
0+) M

*

(a+

· learner aims to minimize the regret

R= (
*

-
*

(at)
,

where = max Musa)
.

a =A

Eamulti-armed
badti

· Mr = SBern(ui)b .
M = 9 M1 : me to , 173

.

· Mr (a) = Bern(Mal .

rM(a) = Ma .

Question:Whatis agenerato pointlower bound fora under M,

then point lower bound suggests that

Si SuERT-eggall Go.



#hallenges : 1 The metric inf (gMo() + g
&

(a) could be too pessimistic. For example ,

if a policy uses an action distribution p on a under Mo
.

then

#amp[gM(a7] might be a better separation metric
.

② H(Mo
.

M , ) is NOT well-defined ,
as the distributions of (r,

0+) depend on

a. i .
e. (r .

0+) ~M
*

(at)
.

So H(Mo
.
M, ) should be replaced by

Earp[H4Mo(a) .
Milal] for some p ,

and take inf somewhere.

③ Where to take inf Clearner as the min player) ?

· sup inf : too small
, by the same reason in D

Mo ,
M, P

· inf sup : too large ,
as the learner can adjust the action distribution

P Mo
.

M
,

in the sequential setting.

D. The constrained decision-to-estimation coefficient (DEC) is defined as

supdec(1) =

supin
-

A Meursa
&Earp[g(al] : Earp[HiIM(a) .

Mlai)] <22].

· This is a sup-irf-sup structure : first choose a reference model M
,

learner

chooses an action distribution p based on
, finally nature chooses an alternative model M

· The separation condition is wrt
. awp

· The reference model it doesn't need to belong to M

Example3wo-armed bandit). For two-armed bandit (Bern(M.) ,
Bern (M2)) with Im.-M130.

choose M = (Ben(z + o)
.

Berules) and MES (Berl+ ob
,
Bern(t))

.

& Berrle+ o] ,
Berr(t + o +f)

deca(l) > inf max (20 , (1-p2)(e-0) +
3 =2(*x).

Pzt[o, 1]

E3(multiarmedbitFor mi
to get dec(M) = 112) if Sk = Olk)

.



#E lower bound)
.

There exist absolute constants c .
20 s

.

t
.

inf sup EnxIRt] = 1) T · (deca(M) - Ca(r) ,
for a=

Sa+ ] M
* M

Specializing to previous examples ,
this gives a lower bound & (*) for Example 3.

when&
.

and RINT) for TYK.

# . (Simpler case : #EM
, from (Foster

.

Golowich
. Hav23)) Let 0 : = dec

,
(1).

Pm := En[FEPt(1H+

")] :
learner's average play under in

M :
inner maximizer under p = Pm

Pm : = En[FP+( / H
*

")] : learner's average play under M.

By definition . Earp[g(a)] < & Q

Earpr[H2(M(a) , M(a))] - ah ②

By the sake of contradiction
,

we can assume that

③Fari ⑭

We introduce some useful lemmas
.

↓ema
1

.

For co small enough . TV(pm . Pa .

(DPI)TVPm
.PICTP
> Epr[H2(Pro1He ,

Prnt)]
(subadditivity of H2)

=C #pr[H(M(at) , M(at))]

= CT · Earpa[Hr(M(a) , in (c))]
= 0 -

1 (byQ) ↳



Lemn2. Earpa/rw(a)-rEca)) => 2
.

(This step critically uses that the

rewards are observed >

#. As #E To , 1] ,

LHS - EarpuITV(M(a) , InCall] - EarpaIHIM(a) . (a))] <d
.

E

Next we present the proof .

1) By Lemma 2 and D :

& = r - Earp-[r(a)]
= r-Earpi [r(a)] + S·-+ + a "

=>--E .

↓a: gical Flaighal-
a

3) By 2) and Lemma 1 : Pe(AM)
4) By 1) and 3) : Eampitrw(a)-r

=
(a) Inexm)

-> (r-F - r) . PilAr) > (-s) . .
However

,
Lemma 2 states that LHS =S . This is a contradiction when

6. > Cc !

& General M
, from (Glasgow and Rakhlin'23)

For #EM , ① is no longer a result of small regret .

&ution : a stopping time argument. Let Alt be the original learner's algorithm , define

ALG as follows : ALGEALG as long asgat)<100

and AlG+ always pulls a
*

= argrax
risas o .

W.

Now redefine P.. M. Ph using ALG
,

then D & @ + Lemma l & I still hold.

Let so be the stopping timeof(a+



By Lemma 2 and Markov's inequality .

W . p .

50
.
9 under Pr

***Lemma 2

13

(a)+ (0.
990- 2) - 109

.

· If < T
,

the RHS is 20.
990-112 = &(0) for 0x22 ;

· If T < T
,

the RHS -# -102 = 1(0) for < Ca
·

=> Pg(at) = 2(0)) <0. 9 in both cases.

Since TVIP 20 .
1 by Lemma 1

,
we get

~ (a+ ) = &(0)) > 0
. 8.

Finally ,

since ALG and ALG coincide up to time IXT
,

this gives the claimed result.

(In <Glasgow and Rakhlin' 23)
.

this stopping time argument establishes a stronger claim :

iP(( - c)deca(v) - (a)
+ ) = M(k

,

c = E

for any fixed coso
,

where c . ) depend on Co .

(


