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Rel

.
DPI : DalQylIPy)E Da(Qx 119x)

SDPI : Dia(Qy119) E 9lPyix)Da(Qx19x
for some y)Pyix) < 1.

=put-independent SDPI
.

1

Lett
.

Given a channel PyIX
, define

419y1x) =pai

Properties : 0 y (Py(x)=S
# (4) [/U ; Y) = Ev[Dia(PylolIPy)]

-Ev[n(Pyx) · Die(PxivlIPx3] (why?

= n(Py(x) · [10 : X)

(2) Choose UwBerlp) and Pxiu== Ex
.

Pxiu = o

= Ex
.

Then ILUiX) = En[DrnLPxullPx)]

= p
. D(x)Px 11p . Px + (1 - p)x)

+ (1-4) Dial 11 p . Px + (1 -p)x)

=> IU: X)(p = 0

= DkPxx) +E
-Dial II Ex)

=> IlViX) = P - Dr(x) +olp

ILU : Y) = -Drey) + op

= Et



⑫
n(Py(x) = Sup I4x

.
Qx binary

# It suffices to show that
, for any no and (PX

.
QX)

,
and

f(Px.
Qx) = DreayPy) -

. Da(QxllPx)

we can always find binary distributions (Px .

*x) s .+ . f(4x .
Qx) = f(x . Ex)

.

To prove it ,
note that

↑ f(P, ) = Dr)Pax11 Pax)-i
is convex on [P :S = 1

, SY = 13
.

When P = PX
,

the value is f(PX.

QX).

The maximizer ** of this map must belong to the extremal points of this set.

i. e. ** must be a binary distribution
.

E

③
n(Py(x) = sup LCmax (PYX = x

,

PYX = x]
X , xEX

= sup
X

.

xeX opx

In particular, A diame = n.)Py(x) & diampa-Admin
where diam

, /Py(x) = supxxexH2Pyx = x
.

Pyx = x)
.

If. The first claim follows from ② and computations for binary distributions ;

see textbook for details. For the second claim :

B =/2
(a) -a pa

check C-S

I-B(p)
= (1-EP. a)) .

E



Excuple(ECs)
.

For Els
.

PyX = &P .
1-3

so
w . p . S

ILU : Y) = (l-8) ILV : XS for all U-X-Y (HW1)

Therefore , n(ECs) = 1-8
.

Eple(BSC)
.

For BS2 ,
XESo, 13 and Y = X # Bern /S) .

In this case,

L(max(Py(X= 0
.
Py(x = 1) = sup P(1-p)))BE(0 , 1)

=(l-26s+4)
* between B and l-B ↓

= (l- 26)2
sum into

Therefore , y/BS(g) = 11-26)2.

Example(tensorization ALP) & 6-(1-N(Pyx))"
.

If
.

For U-X" - Y
.

[10 : Y") = I/U : Y2) + [(0 : Y
, (Yi)

= [lViY) + &LPyx)[lU : x , 1 Y

= (1 - n(Py(x))[(0 : Y2) +

n(Py(x)
Continuing this process gives

= 11x(1-(*)* = 1 - (1- p14mx))"
.

LA general result : in a Bayesian network
,

each vertex v is open w . p . M(PriParent(s).

Then 4(PXsIX.
) [P)I an open path from 0 to some vertex in S

= "percolation" probability from 0 to S. (



put-dependentSDPI
.

# Given a channel PylX and input PX
.

n(4x .
Py(x) = Sup

&
Properties : D 24x. Pyx)=
②( ,

Pix) = n(4x ,
Pyx) .

# By induction
, suffice to prove the case n = 2

.

ILU ; Y
,

Yal
- X - Y

= ILV : Y) + Il W : Yal Y 1 ) u
~ - Xz - Ye 14

,

->

& RLI(U : XI) + IV : X /Y,) -X-
and PxzlY

,

= PXz
= /IU:X) + IlUiXelXIY)

+Y-

= I(U: Xz(X1)

& MI)W ; Xi
,
Xz) E

Unlike n(PylX) ,
the input-dependent SDPI constant n(PX .

Pylx) can be much

more challenging to characterize . An example is when Pylx is the transition matrix of

a Markor chain
,

and PX = it is its stationary distribution. Then SDPI says that

DaltP"Iln) = DreltoPllp*/, P)"Dardoll)
,
Vito

This is called themodifiedlog-Soboler inequality ,

and leads to upper bounds on the

mixing time. Both tasks could be challenging for Markov chains.

Emple .

(X
,
Y)wN((8)

.
L693) is jointly Gaussian with correlation P.

Claim : n(4x ,
Py(x) = y(Py ,

Pxy) = p2.



# We'll only prove the upper bound n(PX .
Pyx) = P2 ; see below for lower board

By sealing .

WLOG wa assume that Y = X + 2 with ZuN1o,2-1) .

For any
* and Y = * + z.

DrelPlPy) = -15 +lo
FP-log(zel-1 + 22h* ) + log + GETY]

.

and Dre(PllPx) = - h( * ) + logE+ ET *] .

Rearranging : Dan(PyllPy)@-Elog(1-ph + peFTEY-2DCPEllexSt) +EI]-1)
concavity of log: - - log(e

FIXY-ID(PE1Px) +

1)+CE[X] - 1)
log(1-p + px) - plogX

= pD((P11Px) E

(Another quantity : Mxr14x.
Py(x) = Sup

Properties : 01x2 = 7kL

& Mx = R (M)"
·

where Gi(M) > ((M) ... >O are singular values of

Mx
. y=. x X , y + Y

③ E = maximal correlation between X and T, defined as

sup corr(g . (x)
. g. (4))=9. . 92

& In Markov chains
,

X(tP ll + ) = (x - (+, 4)" . x(n(1 +)
.

This is thePoincare'sinequality .

By D + B
, for jointly Gaussian (X

,
Y)

. 1kL > Mxx = (maximal correlation) " = P2. (

#eplications of SDPI
.

Example1 (noisy gates) · Suppose a noisy gate is an GAND
,

OR
.
NOT] gate with

output corrupted by a Bern(f) noise.

&. For every <Y ,
can we still reliably compute all Boolean functions

50 .
13"-> 10 , 13 ?



Dir :

[(Xi ; Y) = (2(1-2872)di

where di is the minimum distance from Xi to Y. **#
Xuertquestion:Noposwedliketocomput-loga i
For this i. if 8-* = 0

.

15,

1 X :: Y) = (211-2572)gar
-> 0 as n = 0

.

Since XOR(X"
-

. X-) is sensitive to every Xi
,

its computation is impossible.

#o claim. [(Xi : Y) = n(Py(X : ) · H(Xi)

= n(Py(xi)

-
> percolation probability from Xi to Y

=to-28
length

/

When length(path) di and 211-26)" 11
,

the sum is
-
> [211-2512Jd:

E

EarpleI (Broadcast on trees) Let (it, PXIX) be a eversible Markov chain
,

Consider the broadcasting problem on

X2
,

1

an infinite b-ary tree. ->
i

XorX Xu
" ---

Q: Given all (XD
, i) izidPy on layer D + C

,

:X
,b

X2
, b(b - )+

·
can you recoverXo reliably ? ->

X2
. 62

Lo L L
Chim .

No if b . 125 . Pxix) al



#
. [lXoi X) IXo : Xpr) (Lpu = quele : ve ancestor (n)3)

= n(π . PxIX) XviX) (Xap + XeX
transition is PXIX (

= by(n , Pxix) · IlXo : Yay by reversibility

D+0

=> IlXoiX) (bla .xix . Hexo mod if byal . El

lication: stochastic block model. In 2-SBM)=)
,

a restor X-Unif ((#1]")

is drawn
,

and
P((i. j) connected (x) =P XXsamecommunity

city

& When can we recover X . XzESE1) with 111) probability , as n -> c ?

&in : We cannot if<1 (Kester-Stigun threshold (

#Since all edge probabilities are of orderD(t)
, , Pois

wh
. p .

all vertices with distance Ed from X, forms Xal X.z Xim

a tree (i. e
.

no cycles) , for some d = de + 0. fut Kirk
In addition

.
# of children~ Poil).

label flipping prob
W

.
h . p . X2 does not belong to this local neighborhood of X1

.
so

[(XiX2)G) = [lX1 : (XilieLaIG)

= (11-2.(2)
*

(see HWS for details

=I - 0 if1.

=>auple 3 (Spiked Wigner model) X-Unif((#1Y") unknown
i . i . d.

observation : Y =#XXT + W (Wij = Wji ~No , 1)

Claim : IfCl
·

then ICX: X2 /Y) = 02K

(i
. e

.

weak recovery of X is impossible ; the threshold XI) is the famous
BBP transition )



If
.

The idea is that Yij is determined by XiXj through Yij I XiX; -NIX:x .
13 .

-

call it Dije (11) .

For this Gaussian channel P = &NIF
,

1)
.
N-F

,
1)]

,
can show that

9= y(p) = L((N ,
1)

. N1-.1)) = * (1 + 0(k)
.

Next we replace Yij by Zij with Zij/0i; = S W (i . e. ECCly).

then for any U--O,is ,
we have

I (V ; Yij) = YILU ; Pij) = I(U ; Zij]
.

We claim that

[(X1 ; Y( X 2) = [IX,; z(X= ) (*)
.

Indeed
, assuming (*)

,

I(X,; X2)Y) = [(X1 : Xc
,
Y) ([(X: Y) = 0)

= [(X: Y ( X 2) ([(X . : Xu) = 0)

EILX: z1X2) (by (* 3)

= I(Xi = Xz(z)

=> P21 and 2 are connected in the graph induced by S

1 no edge between (i . j) El Zij = ? )

Since this graph is Erdos-Renyi) * CHOSK)
,

it's known that when Xal
,

the

largest connected component has size Ollogn). So P11and 2 connected) -> 0. El

#of (* )
.

WLOG assume that Y = /Y.. Yz)
,

then

[( X,; Y ( x 2) = [(X; Y
, (x2) + I(X: Y2)X2

.
Y, ] a

= I(X1 ; Y, (x2) + yI(X ,; 02/X2
,
Yi) (Xc

, Xz)
->

I
= ILX: Y , IX] + IXI : ZlXa .

Y]
-a

= IlX: Ye
, Zal Xa]

Proceeding with same arguments gives [IX1 : i) X.
) = [(X; z) X=) · E



SExampleproximasamplingSuppose wildliketo sape from
x)effr

π(x
, y)(exp(- f(x)- ((X - y(p)

via an iterative procedure. Given initialization XowPxo · for each t = 0. 1
.

...

:

· Given Xt . Sample Y + /X+ -N(X+, YI) ;

· Given ye . Sample Xtil Y+ ~
*

C. 1Yt)
·

(y-strongly log-concave for convex f

Hair : if in satisfies d-LSI
,

i. e. Da(pln)= FI(p(+) := FillTlogFll] . FP
,

their
Pi(Px+1)

If
.

We'll show that

DRSNI
via SDPIs

.

This is equivalent to saying that

MIN
Forwardstep .

Let P .
= Pxt. o

= +
,

and G+ P+= EXP+

Cheat flow)
G+ π + = tΔπt

then Py = Pit
. iy

= Ty· Now

GtD(Pelt) = G+ Splog

=+) - Som
=
= [Jpt- jo+π -3
=- [logpt ·Blog] Ep[3)
= - FI(P+ 1lπ+ )

.



SinceTo is d-LSI
,

can show that ite = o * No . tI) is (* + +)" - LSI
.

Therefore ,

G+ D(x(p+ 11π+ ) =-(+ 1)

=>=

*backward step
.

Let Po = Pyt
,

i = iy ,

and

G PF = -dir(PTlog)+P = div)Plog) - zoPE

Ge = = -dir(blogn+ ) +Ei = - EπE
,

then PE = PX+H.
IE = # (by the reverse process of diffusion model)

Therefore , GeDiSPellite) = GeSPelog
= ((dirpelo) -PF((log + 1)

- S-atE)
=-SloglogF
=- FI(pe11mE)

= -Papelit) (45 (
=> Dex-S)= E

~Topic : Guest lecture by Y
.

Go on JDPIs


