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fromLec1
: If X-P

,
then E a uniquely decodable code f : X-> 10 . 13

*

S .
7

.

ETelf(XY)] < H(P) + 1 bit

· Examples : Shannon/Huffman/Arithmetic codes

· Issue :
All these codes require the perfect knowledge of P

Question : Is there amniversalcode that :

Dis uniquely decodable ;

② does not require the knowledge of P ;

③ achieve an expected codelength close to H(P) for every p in a given class PC

#motivating example : Ti .
d

.
Bernoulli

. Suppose X
.

:

.
Xn Berr(p) ,

with unknown peto .
1),

The Shannon limit is nH(Bere(p)) = n) plog + <1-plogip).

A simple universal code :

· compute n.= 1(X: = 1)
,

the number of Is ;

· express n , using log(n+) bits
; (as not 50 .

1
. .... n3

· condition on n
..

there are (2) possibilities for (X..
"X. ) ,

so we can encode

the final sequence using log (2) bits.

Clearly this is uniquely decodable : the decoder first decodes n
, from the log (n+ bits.

and then decodes (X..
"

, Xn) from n ,
and the last log(n) bits.

If X., :" Xu "Berr(p) ,
the expected codelength is

#[elf(x))] = log(n + 1) + Ellog(2)]

= log(n+1) +mE[H(Bern())] (Using H(X)= H(Xi)

= log(n + 1) +nH(EBerr()) (PrH(P) is concave

= log(n + 1) + nH(Bern(p)) .

In other words
, compared with the Shannon limit with the knowledge of p ,

there is a

universal code with an extra overhead of only Ollogn) bits !



EveneralscenarioXwhere Pisanow
source distributiona

· Universal code : by Kraft inequality , any uniquely decodable codef can be equivalently

represented by a probability distribution Q via

Q(x") = 2
- 1(f(x))

-

Therefore ,
the expected codelength of the code (represented by Q) under X"uP is

EpTe(f(x)] = Ep[log] .

· The "overhead" of a universal code is

Ep[logy]- H(P)=[log = Da(PIQ) .

Realmininaxredundancy) The minimex redundancy of a distribution class os

Red(P) = if Red(Qx ; 4) = iSuPDPxlQx

· Qx corresponds to a universal code that can achieve an overhead at most Red (4)

bits with respect to every Px-4

· In most cases
.

RedIP) = o (n) ,
and even Red(P) = Ollogn) ·

#lli example continued. How to find good Qx2 when P = &Bern(pr : peto , 1]) ?

Try the following conditional distributions :

· QX1 : Unif (10 . 17)

· QX
+ /X+: let n . (x*) , no(X

*
) be the number of 1s and O's in Xt

respectively ,
set

Qxx+ (1)= Qx(x+ (0)=
This is called the Addestimator ortheplace estimator



Ther
Qxex=Q((x*

On the other hand
, for any pe [0,

13 .

Pxo(x") = philxy-pyox)
(xyyox

=>In On) (by Stirling

This means that

Red(QxriP) =

Sup DPxlQx) =S Eloglog + 0

&ernoulli example continued , again. Now let's use

Qx + (1=x=

Thisiscalled the tim
chevsky-Trofimor estimata

= (t z .... ( , (x)-()(z -z ..... (n(X) -=)

·stries
Therefore ,

Red(QXiP) ElgO() = Elogn + 02)
.

This constantI turns out to be fight: Red(P) = Elogn + &(1)
.



In the previous examples ,
what we're using is actually Red(P) = R

*

(P).

&

#(worst-case/pointwise redundancy

R
*

(4) = infup sup log

· It's clear that Red(P) = R
*

(4)
.

· R
*

(P) treats as anIndividual sequence ,

instead of drawing from a probability

distribution n.

· In online learning ,

R
* (4) is also the minimaxregret under the log loss log) · x) = logix?

R
*

(P) = infsup(g(t) · (x++ )
,

X+ ) -log(P+ )(x
*

)
,

X+).

Unlike Red(P) which can be hard to characterize
. R

*LP) has a combinatorial

characterization.

Ihm. R
*

(4) = lostakovx))
# (Upper bound) Let z=SPPx(x) ,

an

x(x) = ESPPx(x) ,

(normalized maximum Likelihood
distribution]

Then

SupPlo = logz = R
*

(4) - logz.

(Lower bound) For any QX

Bloglo
#=

loszx0



This combinatorial nature of R
*

LP) makes it easy to upper bound Red (P) for

non-i .
i

.
d . families P.

Example<Markov chain) Let P = &Pxe = P(x)M(x+(x+3) be the class of all

time-homogeneous (first-order) Markor chains on state space [K].

Laim : Red(p) logn + Op(K.

Pf
. Apply add- estimator to all transition probabilities :

QIXt(i)= if X+ = j

where i
The for any X" [KJ",

-*
analysis in

↓he i . ii. d
. model

= k : (((((((1

=> Red (4) =
> R

*

(4) = log (k · (() ) = K logn + 0(k)
.

E

The same programs can be extended to other processes such as the hidden Markov

models ; we refer to the book [Gassiat . 2018] for more examples.



-Redundancybounds for i
.
i . d

. families .

Epicupper bound. By the global Faro proof in Lec9
, we have

Ihr
.

Red (P
**

) &int (n + log NP.)

Example
.

When P = (POLOR is a parametric family withd parameters , usually

log Nk(4 · c) -dlogt . Choosing - gives the upper bound

Red(p* ) & Glogh + O(d)
.

orbound by Rissanen. We begin with a variational representation of Red (4)
.

&dundancy - capacity The For P = (40) & ,

Red (4) = sup I(O; X) where Owp , X /0-PO
.

PEX(Q)

(The quantity sypI(O ; X) is the capacity of the channel U = (Po)o
.

)

# The "golden formula" for mutual info (Lec 7) says

I(0 : X)= EapIDiz(PollQx)].
Then

Sup[(0 : X) = sypi Earp[Da(PollQx1]

= inf Sup For [Dk(Poll@x)] (minimax them .

= inf SpD(PollQx) = Red (C) E

Emplication :
to lower bound Red (P)

,
can find a proper prior distribution &

such that I(O : X) is large when O-P .



Rissamen's program : Find an estimator @IXY) s .
t

. supEpIllO-EXill] = S2. 0.
Ot

#m
.

Let # <RI have a non-empty interior. Then

Red (p
*

) > log Vold(0) - Elog(s)
Pf

.

Let Omp = Unif(D)
,

and h() denote the differential entropy on IR&.

Them

[(0 : xx) = h(0) - h10IX")

= log Vold(Q) - h/0/X")
,

and

h(01X = h(0-1x (x)

= h(c-E(X")) (conditioning reduces entropy )

= Glog(2ite)+ log det)ETCO-oixi) (0-0(xY(TS)
(maximum entropy principle)

-
> Elog(ze) +Glog() (det(A)

= (Ind for

= Elog)) PSD A)

E

Example. In parametric families , usually Vold(@) =Rt
*

and a = 0CE]
·

Therefore ,
Rissanen's lower bound gives Red(p

**
) >Glogt - O (d)

.

-verbounds by Haussler & Opper

The argument of Haussler & Opper (1997) chooses p to be a uniform mixture

p= Sai.



Lemma. For XI8-Po and OCX1 :

[20 : X) - EaX[log#o (

where O' is an independent copy of 0
.

(01 10 · x)

# Let f(x) = RHS
,

then f(l) = [10 : X)
.

Since CGF is convex
, f is concave

.

Finally,

f(x) = #x[log40(X1] - T pospaaslogpa
dododx

= (xSosP(o) Po(X)tog po. (X)

= #o
, x[logpo(X)] .

Therefore , f'(l) = o
=> f(x)40 by concavity of f

=> f(x) = f(1) = 1(0 : X) E

Ihr Red (P
**

) < Sup mind log MH(P
, c) y - log2

If
.

Let Po
,

-- Pon be an a-packing of P under Hellinger ,
and P= So:·

Ther for Orp ,

[10 : X)

>-Ex-logx is convex

=- log) t (1- *HP· Poj)") (tensorization of H2)

3- log) + e-E) (H(Pr · Poj) =for itj)

-> mindM . Eary-log2 (+ mas) .
E



Example .

Im parametric families , usually log MHCPs] -blogt , so the

Hausler-Opper lower bound is also Red (DO) > Elogogn

-~relationship between redundancy & prediction risk
.

PpredictionrisI int
Exe p Eye[D(4xmx- 1lQx(x)]

& "KL risk" for next-symbol prediction )

#a into

representation.If
= Polo

1 (0 ; Xn+ 1X")
.

PEO(Q)

# Risk
.
(P) = inf

Qx Sup Forp[Di)PxmIxoll Qxex]]

=

supin Eop[DiPxmXQxx] (minimax the

= sup I(@ : XnIX
"

).
P ↳

&Redundancy - risk inequality : Redr(p) =Risk + (4).

#. Chain rule

.FOXxix E

Flightness: For i
.
i . d

.
P

&V
with P = (PolcORd ,

the MLE Ot based on X
+

asymptotically achieves EMID(PolIP)] - by Wilk's Thm.

So Riskt- ,
and Red-Elogn ~ Riskt



line-to-batch"conversion : if each Pyrn-P is stationary , i. e
. Pxto Xe = Pxtito

. --- Xtity

then

Riske(4) in Red(P) + Mem(P)
.

where the "memory term" is

Mem(e) = supX : X
**

I Xta)
.

Py+ =]

Ef
.

Let Q= Qxx+ attain the minimax redundancy Red (P).

Now choose the Yang-Barron type predictor :

xex= x(x+ ((X - +a)
.

Then Epx[Dkz(PXenIX: Il Exin IX)]

FPTlog] (convexityofa

=Flog log
=Flogy + IXXIX s

Istationarity)

= #P [Da(Px(x+ ((Qx
+ (x+ )] + Mem(4)

E DaelPxr1lQyen) + Mer(a)& Red(P) + Mem(P)

(chain rule) E

#[Markovchain prediction) P = stationary Markov chairs on [K] of length n +Y

Then Red(P) = 0)klogi)
Mem(P) =SIX)

=> Riske(p) =0) .



· The main surprising feature is that this upper bound on Risk(P) does not

depend on the mixing property of the Markov chain

· A pure statistical proof of this upper bound is unknown without mixing conditions

· This bound is fight for 3 = KM.

&ecial topic : characterization of R
*

in Gaussian models (Mourtada
. 2023)

Gaussian family : Pa= &N(0.
[. ) : OEA)

,

with A -M2

By the entropic upper bound and Haussler-Opper lower bound
,

with

Di (NIO . I.
) IINLO' ,

I
. 3) = 2110-0'112

SMOIdN(OTI) = exp) -T 110-011)
.

we get the following characterization of Red(PA) :

Red(PA) [ inf logNIA , 11 : /r) + r

The main result of this section is a similar characterization of R
*

14 A)
:

R
* (PA) = If logN(A .

11 . /12
. r) + wa (r)

where Wa(r) is theGaussian width
:

~A(r) = Supw(An BIO , r))=Su ECO
, r

< w
. z)]

,

EmN(o
,In

OEA

& Alternative representation : let rv = super > o : logN(A. r
.

ll - 112) > +2)

ru = Superco : Wa(r) > r2]

than Red(PA) ri

R
*

(PA) = ri + ru (



Example(ellipsoids) If A = 10CR: 1) ,

then

Red(4a) [ irf(zolog() + r).

R
*

(a) = if) log(1 + 2) + r).

The key result in the proof lies in the following lemma.

Lemma W(A)-SupR*

(PA) A

#ofthe assuming the lemma

(Upper bound of R
*

) First
,

observe a simple inequality :

R
*(4 : ) < max R

*

(Pi) + logN.
it [N]

The proof is easy : let Qi attain R
*

(Pi)
.

then Q=** Q: attains the

claimed upper bound of R
*(4 :

) .

To apply this inequality ,

consider a r-covering O ...... On of A under 11.112.

Then

R
*

(PA) = max R
*

PALBIOr) + logN

= max w(AdB(Oi . r)) + logN (by Lemmal
it [N]

& wa(r) + log N .

(Lower bound of R
*

) First. R
*

(Pa) > Red(4A) & ri by Hausler-Opper .

Second
, for r = rw and Ot A ,

R
*

(PA) > R
*

(PA1B(
,
r))

-> w(ALB1O
, r)) - E (by Lemma & translation invariance (

=> R
* (PA) > Wa(r) -E for r = rw and defr . of rw. E



Next we prove the lemma. First we write out the Sharkov sum.

&ma R
* (4a) = log JrTze-Ed(X . Al

dx
.

where d(x
.
A)= Il X-Ylla

.

If
.
Trivially follow from Sharkov.

Using auxillary ZmN1o , In)
,

Serene-Ed A dx = Ez[eztzr-dist(z . As y

= #z[exp(sup
= Ez[exp((w . z-]

.

(Pf of lower bound)

log Ez[exp((r.-] >log Ez[exp(sR(w . >)] - Es wll
-> Ez[uR(W .

>] - E1WI (Jensen )

= w(A)- /I w
.

(Pf of upper bound) Let v = NCo
. In)

,
and f(z) = Sup(w.-

By Gibbs' variational principle ,

log #z[exp(f(z))] =

Sup Ezrm[f(zs] -Dia(ulIr)

= Sup Ezra[fIzs]
- -Wilm .

v) (Talagrand Th
ineg. (

=

Sup EzvmTf(zs]
-

Sup (Eng + Erg')

(g(z) = inf-g(x)
-
> Ezvm[ Sup f(x)-A



On the other hand
,

Syp(f(x)- )= Sp( <w

=SUP (w , z)

=> log Ezef(z) < Ez[suR(w . z)] = w(A)
.

( An alternative proof in (Mountada . 2023)
, using convex geometry )

#efn(mixed volume) Let K .. " ko be convex bodies in R
.

Write

Volaldik +- Arkal= VLKj, a Kjel &" Die
,j1j" .jn=

the quantity VIKj...... Kjn) is called the muxedvolume.

#(intrinsic volume) For je[0 .
n]

, j
- -

Walk =()i
where K =Fi is the volume of the unit ball in R.

#Steinerformula) Vole(K ++ B) = Un-j(k) 1 t5 .

Ith(AlexandrovFench gr Viki
,
Kiske

,
-- ke) Wake

,
Kaka

,
" Kn).

n-j -

-rollary. By choosing (K........ k
. ) = <K

.
B,,D)

,
we get

jVj(k7323(j + 1) Vjt(k)Vj- , (k)
.

In particular,

(k)



&to the proof ofupper bound
:

since R
*

(4A) * R
*

(Pconv(A)) and w(A) = r(conv(Al)
,

WLOG we may assume A = K is convex. Then

Siexpl-Ed(x , Ks)dx = %. Vol
. (dxER" :

ed(x .
k

= + ))d+

= 9 Voln((xER" : d(x
,

k) = rb) re-do

= 5: Vol n (k + rB) we-r dr

= Unj(k) r ·
redr

= Vej(k)(2). (gradu = 2 +(E + 1)

=> R
*
(4) = log V(k) (2)-

*
=

logis functional

Using the corollary,

R
*

(P1) log  logexp(V) = v
.(

= w(k)
.


