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lower boud viaaa

Decesityestimation: Xi
.
"-Xn P

.

where PEO is an unknown distribution

target : for DESDK .

TV . H2] ,
construct an estimator P = P(X") s o

t.

Sup Expo[D(P, P3] is small.

&viewofresultsparron)
: z4s .

+

Sup Ep[PmIPlIY)] if (+g Ni(P
.
()

· TV (Yatrocos) : = ↑ S .

t
.

Su Ep[TV2(P.41]it (c + log Niv(P,
a)

· H2(Le Can - Birge) : EP s
.

+
.

Sup Ep[HP .P] (logNP)

Example! For finite-dimensional models ↑ withd parameters , usually ND(4 · 2) = dlogt.
(volume bound

In this case . if SupEIDIP , P1] @ inf(2+ flogta) do
usually optimal up to logn factor.

Example2. For nonparametric classes P with ND(P, 2) = &d

inf sup EID(p.] (an



-Barron : progressive mixing/online-to-batch conversion

=
>line"guarantee :

similar to global Faro
, let P...

"

, Pr be an a-covering of P
.

i . e.

sup mi DaLPPi)

Let Qyut be the
average product distribution :

Qx=

Lemma.
Sup Dep

**

llQx) (nt + log

If
.

Similar to global Fano: for any PtP.

D(x(p
+/)QX) = Expose[logix]

=> Exit-poets[min log + logN)

=min Di(pEp pan)
+o N

= (n +1)22 + logN .
El

This is called an "online" guarantee as it concerns the density estimation performance
ii, ch.

foritdistributions of X...... Xn+ ~P .

=line-to-batch" conversion : given Qxit
,

we can define

P(x)=x= x(x* -

Note that I is a well-defined estimator and depends on X". Expending out the defr.

of Quee gives

P(x)=
·

progressive mixing
:



Yang - Barron result follows from the next result :

#pID(P11P)]= Dm(p
*(+

(lQx)
.

tempIDin(PIP)] = Ep[Dm(P11Qx+ )]

EEp[Dre(P11Qxeixt3] (convexity

- Di (p
***

11Qym) (chain rule)
E

Remarks : D This online-to-batch conversion provides a general paradigm for converting

"redundancy" bound to prediction risk bound
,

even beyondiid.
data : see

more next lecture.

& The Yang-Barron estimator is often improper (i..e. ↑Econv(P) but often ↑EP)
,

and computationally hard to obtain.

#ocos : minimum distance estimator

The TV density estimation result is a corollary of the following general result

in the robust case.

Im
.

Let X.," ,
X p

,

and Q. :
"

.
Or be arbitrary candidate distributions.

Then there exists an estimator s .

t .

TV(P
,
P) & 3 min TVCP,

Q :) + En
.

with ETs] =01).
it [N]

Note that by choosing [Q..

".. QN] be an a-covering of P under TV
.

with N = NivlP. s)
.

this implies the density estimation result .



Next we prove the theorem using a minimum-distance estimator :

↑ = argmin FV(Pn
. Q)

QESQ, : , QNY

where Pr= Ex:
is the empirical distribution

,
and FV is a pseudo-distance .

(What if TV = TV ? If Q. " · Qo are all continuous distributions
,

since Pr is discrete.

TV(Pm
.

Qi) = 1 for all i, so it's not useful . (

Let's defer the choice of FV and proceed to the analysis. Let

Q
*

= argmin TV(P , Q)
.

Q [Q
,

"

, QN)

Then

TV (4
. P) = TV (P , Q

* ) + TV(Q*, P)

↳ Fu (P
.

a
*

) + TV(Q+, P)

=P
. P . ) + FulPr* ) + TV(Q*, P)

-

& ITV(Pn
,

Q
*

) + TV(Q*. PS (definition of PS

= 2V(4n
,

4) + 2Fr(p , @
*

) + Tv(p
.

Q
* )

hope
=> 2 (Pr

.
P) + 3 TV(P

, Q
*

S
.

To make the analysis go through ,
we need :

O FUPQETIPAS FP , Q

② F(QAj) = TV(Q:
. @j) .

Vi . je [n]

③ EFFV(Pn
.
P)2] is small

.

Motivated by D + O
.

we define

Fr(P
.

Q) =Sup IPLA)-QA,
where A = SAij :

i .jeIN]] with

Aij : = Ex : Qi(x), &j(x)].



Then : D is immediate as TV(P, Q) = SYP(P(A)-Q(A))
② is also true as TVLQi.Qj) = /QilAij)-AjlAij)) FIQi

. Qj)

③ notes that IA)(2)
,

and for fixed A
,

4) (IP(A)-Pe(As1 > 2) = Eexp)-2na) by Hoeffding .

Therefore ,
a union bound over A gives

↑ (FV(P , P . ) - 2) = 2N"expl-2nc)
=> ETF(P

, 4 . )] = 51(FVYP . P .)r) dr

= S. min(1 .
2N2e-zury dr

* IN+ s
INe-2ndr

=0)
.

Remark : D The Yatrocos estimator isproper ,

i.
. e. PEP

.

& The above proof also shows a high-probability guarantee on TVIP
·

P)

③ It's known that the constant 3 is not improvable if the estimator is

required to be proper.

# There are some recent interests in the computationally efficient version of

Yatrocos
.

&Can-Dirge : pairwise comparison

-Compositehypothesis testing. Ho : X... XerP with PE4

Hi : Xi,
XerQ with Q E &

test : T = T(X) & So . 1)

type-I error : up(T = 1

type- It error

:Sup
T=



Lemma
.

inf (supp* T = ) + supT=0)ecou) ,
col

SQt D

where H2(conv(4) . conv(2)) : = inf H2(P, Q)
.

P Econv(P)
Q E conv(a)

If
.

In Lee 8 we know that

LHS = 1 - TV (con(p
*

)
.

com(a) (por = (p% PED3
&

TVIP, 2)
=inTV

-
> I - #(conv(p* )

.
com(2* ) (TVS ES

= (1-E(covIP) . cour(2)))" (next lemnal

= exp) - EH" (cov (4)
·
couv(2)) E

↳ I-E(covP : )
, com183) = (1-(covCP: )

.

couv(Q: )))
.

# Suffice to prove the case n = 2. Note that

1-) = 1- (-) = Sta .

and any PXY & conv1P , @42) can be written as PXY = Ez[PXIzPy1z] with PXIZEP,

PylzE P2
.

Then

1 - E(4x
,

Qx) = fTQXY

= StaxSyQYx
= Ezix[Pylz] E conv(Pz)

= SxQx · (1-E(conv(Pu) · conv(c))
=> #z[PxIz] Econv(Pi]

=> (1-(conv(4,) , conv(R))) (1 - #(conv(P= )
. conv(Q)))

.

E



(Note : the same proof holds for all Rnyi divergences Do= log( 4
*

&"
. )

This lemna will be applied in the following setting :

Ho : X
.

: : Xn-P
.

PE BH/Po
.

a) = 94 : H2P
.

40) = <23

Hi : XiXena
, QB(Q,

a)
.

&rollary. If H(Po
,

Q0) > 42
,

then

If (sup p
*

(T= 1) + sup Q
*

(T= 0) < eHP
.

Q :

&

P t BH(Po
,

2) Q t BH/Qo
,
c)

If
.

Since (PoQ) #HELP .
Q) is jointly convex (Lec 3)

.
both balls BH(40

,
2)

and BH(Qo
.

2) are convex
. Therefore ,

the result follows from

4) (BH(Po
.

c)
. BH(Qo

, al) = pilpo
.

a)
H(P- Q)

QEPH(Qo
, a)

-> inf H(Po
.
Q) - H(P

, Po) - H/Q
, Qo)

PEBH/Po
,

a)

QEPH(Qo
, a)

- H(P
.

Q . ) -22 H(Po
.

Q
.
)

-Can-Birgepairwise comparison estimator
.

Let P, .... Po be a maximal e-packing of P under H
, i

.

e.

H(P: Pj)c . Vija

Since a maximal a-packing is also an e-covering,

up mig H(p , P : ) = 2.

For S = 42 and H(Pi
. Pj) >8

,
construct a test Tij for

Ho: PEBH(Pi
.

2) vs . Hi : PEBH(Pj , s)
.



By the above corollary .

E Tij (and Tji : = 1 - Tij)

sup P(Tij = 1) > a H(P:. Pj)

Pt BH(Pi
,
a)

&

Now define the following estimator :

· For it [N]
.

let 4:
= max & H(Pi

. Pj) : Tij = 1
,

H(P: Pj) S]

(Hi = 0 if no such j exists)

· P = Piz ,

with it = argi

#hm
. If M > maxPlog NH(P ,

En)
.

1) ,
then the above estimator P with a = 2n satisfies

supP(H(P. 5) > 4ti) [Cet .
+31 .

PtP

Consequently, ETHYP , P17 = 0(c) .

# Since (P...... PN] is an a-covering ,
WLOG assume that H(4, P. ) = E

.

For 8 = 42 and + 31
,

& H( P, P ,(, + 8) = &H(Pix
.

P , ) > + S]
-
> Imax & Yi=, 4 . 3 > +8) one of Tri*Cand Titl must be one
= 34, + 8) (4:* = 4. )

=
j: MP4j) + S

(Tij = 1)
.

By a union bound
,

P(H(P . P1) 37S) & N . e- lts = NH(P,
2) e-Intra

Since ma > max31
, log NHCP

. 273
,

this probability is at most OC-t).
Finally, ↑ (H(P . P( +S) = PCH(P

, 4 . )3 + S-s)
.

↳

Remark : D P is proper , i. . e
.
PEP

.

② A high-probability upper bound on HIP
, P) is established above.



Eminementvia local entropy

It turns out that the global entropy log NH(4· 2) can be improved to a teal

entropy log NocP
.

a)
.

With

Nioc(4 , a) =Sup cup NBPP

(In other words
,

we are using balls of radiusI to cover balls of radius 1)

Example. For many d-dimensional family P
,

we usually have

log NH(P
.
a) = dlogt

,
log Noc(P. s) Ed

.

Therefore , using local entropy improves the Hallinger result from 01) to O(E)·

# The same guarantee holds for Le Can- Birge pairwise comparison estimator
,

with

No replaced by Noc.

I Let 29 + 1294· We decompose IjEINJ : H(P1
. Pj) > +S3 [BeAr ,

where

An = Sjt[N] : 24S = H(P1
. Pj) < 2

** 8]
.

By urion bound,

P(H(P
, 4 . )x + S) = P(4, 4 + 6)

= 1P(248 = 4, 2
**

8)

/Arle
si

-

To upper
board (Arl

,
since /P... PNY is an -packing,

1Aal = M([ PEP : 2"8 = H(P1. P( < 2
** 89

,
2)

= M) BH(p,, 2
**

8724
,

s)

= N/By(4,
.

2 G314.)

= Noc(P,
a)k+ 4

(see lemma below

=> PCHIP , P1) = +2) altlogN4
,c)-Inke-4-e

n2 > max11 , log Nicc(4, 27]
.



temFurBEN
For the inductive step , first cover BH(P,2) <P using balls of radius 2 ty .

then cover each ball using small balls of radius

=> Ni = Nk-1 No = Noc(P
.

2)" NocLP. c) = Nioc(P,
a)+ E

&ecial Topic : Guest lecture by J. Qian on his recent work on

high-probability density estimation under KL
.


