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↓otential outcome model
.

For a binary treatmat WEPO, 13
,

an individual i has two

potential outcomes Yi(l) and Y: (0) < the outcome individua i would have

experienced had he/she received the treament or not
, respectively

Average Treatment Effect (ATE) :

T = ElY: (1) - Y: (0)]

* typical dataset : ((Xi .
Wi .Yi] :

· Wit So
. 1) : indicator of treatment/control

· YieR : observed outcome Y:
= Y: (WiS

xiCoptional) : feature of individed :

(Optional material : SUTVA-stable unit treatment value assumption
the potential outcomes for any unit do not vary with the treatments

assigned to each other unit
,

and
, for each unit

, there are no different

forms or versions of each treatment level
,

which lead to different potential

outcomes"
,

e .g .

-

you taking the aspirin cannot have an affect on my headcare

- different aspiring should have the same strength (

-andomizedcontrol trials (R2T) (no X : )

Assumption : Wil LY: Co)
·

Y: (1) (random treatment assignment)! each i has the same marginal probe of getting treated



Difference - in-mean estimation :

-Y , whereWi

Unbiasedness of Epm :

#[Y) = ElwiY : ]

Recap : properties of conditional
= EIWY : <K] (SUTUA)

expectation
1) Tower property : = E[E[WiY :<))(4: (0)

.

Y:<k: . n]]
#[E[YIX.. x] /X ,] = ETY (X , ]

= El YC · ETWilni]] (random
2) Take out what's known :

treatment

assignment)
EiY f(x) (x] = f(x)E[Y(X] = E[

,
%(. ] (same

marginal prob. )
3) independence : if Y

, HYzIX
,

E[f(Y, (g(Yz) IX] = ElflY> (x] .

= #[Y: (13]
#Ig(Y2) IX]

=> ETEDr] = ElY: Ck] - ETYi los] = T .

Europensityscore
.

Question
.

What happens if we combine two RCTs
,

but with

different treatment probabilities ?

Futureof Eph : Simpson's Paradox

Example : discourage teenagers from smoking

in Palo Alto
.

(A (5%) & NYC (20%)



-N NoS
.SnoSee I

Smoker

I #Nor150

Control 1700 200 Control 800 Sor Control 2500 1000

19 : 1 us. 8 .5 : 1
. 76 : 1 vs. 1 :/ 2.33 : 1 vs. 2

.
5 :

treatment effect : + treatment effect : + treatment effect :
- 1 11 )

Implication : propensity score plays a central role !

Propensity score : e() = P)Wi = 1) Xi = x)

Assumptions : 1
. unconfoundedness : (Yi(o)

,

Y: (1) W: I X:

(no unexplained feature affects both W: & (Y: (0)
·

Y: (KS)

2. overlap : He() = 1-17 for all X
.

erse-propensityweighting (IPWS
·

Fren
. El- - ] = 0

-

f+, e/W.
X

,
Y) : estinating function

If. ET] = EI] (SUTUA)

= EST(x])

= El tsETWIX] EJYCIX]] (unconfoundedness)

= ESE[Y()(x]](e(x)=P(w =1(x))

= E[Y(1)] .

[



IPW estimator : given an estimate E(x) for e(x)
,

then

--E
=> EIPw=-

Pros : Consistent (ELPW- > I as n + c)

Cons : potentially large variance ;

not robust to nuisance estimation error 2(x)-elx)

#tublerobust estimation : Augmented IPW LAIPW) ·

Adel SYMXTEw · EzWx] = 0
.
EIWxO

Target parameter : = = E[M , (x) - Mo(X)]
Nuisance parameter : mean outcomes Mo(X). M. (X)

propensity score e(X)

#Westimator
.

Given nuisance estimates (M,
(·(o2s

· 2(2)) :

FAIPw =(X- (X) + W:S - 11-W)

Interpretation : 1
. from IPW

,

subtract the mean outcomes

((Xi). (Xi)) from Yi ;

2. from tM(X)-M(X: ))
,

debias using
IPW applied to the regression residuals

.



#

Houble machine learning in practice
.

1. Split the dataset into K folds ;

2. For K = 1
.

-

: K
,

use all data but the k-th fold to

estimate((2)
.
***) , possibly via machine learning ;

3. Estimate ATE by
-

i belongs to Ki-th fold

EXIP= (: ) (Xi) - Mki) (X: )

+W-W

#Theoreticalproperties
.

firMoe,
(W , X. Y) = M.

(x) -Mo(x) +WI--w
Claim 1 : f is an estimating function ,

i. e
.

Elf(M.Moe, )
(W,

X
, Y)] = 0

.

Pf
. ETW,

= ETWIXMy (SUTUA

= ET]
= #SEE (w -X]]
=> (ETS , /W, X] = 0

· or unconfoundedness)

=> Elf] = EIM,(x) -Mo(x)] - T

= E[Co - 2
, ] = 0

.

[



Claim 2 : f is Neyman orthogonal ,
i

. e
.

#[Tg fine, (W
.

X
, Y)] = 0. - ge &Mo. M ,

e) .

(Implication : nuisance estimation errors only have second-order

effects on the estimation of t

Pf. (1) g = M: EJmf] = Ell-x(X]
= 1- E(X]
= o (P(w = 1(x) = e(x))

(2) g = Mo : ETTrof] = El-1 + Ex(X]
=- + Elx(X]
= o (P(W=o(x) = 1 - e(x))

(3)9 = e :

Etof]
=- (w ,x](x)
=

o (E [S . /W, X] =0
.

or

unconfoundedness) E

Claim 3 : f is (weakly) double robust
.

i.
. e.

ET fin..s
(W .

X
, Y)] = 0 if

(n.) = (M,)

Q = e
.

(Implication : AIPW is consistent if either (M , (x)
, to(x)) are

consistent
,

or E(x) is consistent (



Pf . (1) If (M,) = LU
, Mob : same argument in Claim I

(2) If 2 = e
,

rewrite

FEM .

e. (W . X
, y)=l

S

·
El . ] = ESEl. (x]] = 0

since IP(W = 1(X) = e(X)
.

[

&riration of AIPW (Optional)

#derivation

:useefficientinflue le of propensity score in

efficient semiparametric estimation of average treatment effects",

Econometrica
, 1998)

#d derivation : find the projection of IPW

fre(W, X
, i)=-- >

to the orthogonal complement of 6
.

where

L = Sg(W , X
, Y) : ElgIX,

Y(0)
. YCD) = 0 J

.

-LWe ETw-e((xj = 0.

Now we show that
any g(W .

X
, Y) = L must take this form .

E[g(X,
Y(0)

·
Y(1)] = e(X)9(1) + 21 -e(x)) g(0,

X
, Y (0)] =O
-

= g ,(x) => go(X)



=>
=> gIW. X

. Y) = 39 W = (W-e(x))h(x) E
.

#m2
. Print (fe <W

. X
. Y)) = firoMe

,
is

(W
.

X
, Y)

.

the estimating function of AIPW
.

#Aim to find ho(X) S
i
t

.

#- - - (W - e(x))h(x)) + (w- e(x))((x)] = 0

Wh

=> 0 = ET(- [ - (W - e(x))h = (x))(w -e(x))/x]

= m . (x)(1 - e(x)) - Mo(x)) - e(X)) - e(x)() - e(x))h. (x)

=> h(x)=

Therefore . Prjc+ (fi . e (W .
X

, Y)]

=- - - (W -e(x))(
= M. (x) -Mo(X) - i +W - (1 -w)
= from

,
e

.
= )
(W .

X
,
Y) [


