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-motivating example .

Given you NO , 1) with OERP
,

aim to estimate O

under quadratic loss: FolloCy)- Oll2.

Natural estimator : EUCE(y) = Y

Lots of nice properties : MLE
,

minimax
,

UMUWE (uniform smallest

variance unbiased estimator) .
MRE (minimum

risk equivariant estimator), ...

Shocking observation :Euniformly better estimator than EULE
, if p >3

.

Theorem (Stein' 56
,

James-Stein' 61)
-

For p33 ,
the James-Stein estimator

5 = (1- )Y

is uniformly better than GUE :

EalI5S-OIr a FallMe-Oll2
,
FOER"

.

Note : JS estimator leads to theArinkage idea
, i. e

.

shrink y

slightly to zero (slightly increases bias
, significantly reduce variance)

# Let y = 0+ 5 with 5-N1o . [p) .

Riskof MILE
.

FollEUE-Ol2 = E1311 = p .
00

.

Eskof JS
.

FallE5s-ol" = Fo[l15IR-2(p-2) (i .

3)

+ ]
.



Lemma (Stein's identity) .

-

Let 5 -No
, [p) and f : R

P
-> RP

.

Then

E[ < 3
.
f(3( > ] =[0 ,f(3)]

divergence : 3 . f(3)= (3)

# Suffice to prove the case p = 1
.

Here

Elf (3)) = J f(3(4137d3
= +(3)4(3)/% - [f())4(5)d3 Lintegration

O iff has -
sub-exponential

growth = (8f(3(34(3393(y'(3) = - 5y(31)

= E[gf(5)]

By Stein's identity ,

#diy .
3) = For . 3)

= FoT3.F]
=F
= Fol] = ExTi]

So FollETS-Ol = p -2(p-2)Fol + (p-2) Fotity]
= p - (p -2)Foti]
< P

= Fall GUE - 012 [



#pirical Bayes view of JS estimator
.

Consider a Bayes setting where O-N1o, Ip) .

Then

Y - No
. (1+2) [p) (marginal distribution )

Oly ~N. ) (posterior)

Bayes estimator :

& Bayes
(y) = #[0ly] = FY

Problem :
don't know how to set -

EmpiricalBayes : estimate (functions of) I based on marginal

distribution of y !

Since ~No . (H)[p) ,
then

FT= + = 2)

=
=>
Iis an unbiased estimatorofFer

So Bayes (y) = FzY
= (1-+)Y

= (1-)Y (fully data-driven :

JS ! )



#obbins' empirical Bayes model
.

Y ,
~ Po ,

Given ! Y2 ~ PO:, aim to estimate (functions of) OER" .

i

1y ~ POR

-En
.

d
. model (Robbins' 56] D, ... One G (unknown prior]
#Pound model (Robbins' 51) no distributional assumption on O

iid
.

( but usually pretend that 0 ,,.
"

. OK - G with G = * So:
)

typical steps of EB :

1 for given G
,

obtain the Bayes estimator *G(Y)
2. use Y ..

"

: Yx to estimate G

(two approaches · f- modeling and g-modeling - later)

#Robbins'estinatorinPoisson mode:
= 1

,
2 .. k.

The Bayes estimator for O :

G = Eq[0(y)

-
= (y +1 ). (fG : marginal distribution of y]

An unbiased estimator for fa(y) :

ET)=



Robbins' estimator :
Ti = (Y;+

&ood-Turing estimator
.

Consider a special case Y:
~ Poilpi) ,

i = 1 :". k with Pi=1 .

& background: Poissonization of an i. i
. d

. sampling model
.

Raw data : X .... X.d.
(p,

"

, PK) (unknown

The histogram : Yi= 17xji) ,
i ... K

(Y .. ".., Yx] ~ Multiln ; (p..

:

: PKs) = Poilup,
>x ... x Poi(npe)

Target : estimate the portionofseen species ,
i. e

.

p= y =04:

Note : MILE would be meaningless as it always outputs P: = 0 if Y:
= 0

.

Esolution
, pe G ,

then

#[P : /y : )=
(Robbins' estimator]

=> a good estimator for1: = Pi is

=. =N=
N : # of Munique species in X

, " X

Intuition :· if X
.. ..., Xn are all distinct

,
then probably the population

is large and mostly unseen
, i

. e
.

pl=
· if each x appears at least twice => P250

·



Good-Turing estimator: Mi = In

#edicting # of new species
.

(Thisted & Efron '76
,

187)

Arelated question : given a collection X...
"

.
Xn of n observations :

· how
many new species do we expect to see in a new sample of size m?

· how many species do we expect to see
,

in a new sample of size m.

which appear exactly + times in the original sample ?

#ePoissonmodel. Y: Poilpi) ,
i = 1. K. Pi = 1

.

Aim to estimate

< (Y: =+) (1-e-mpi) ,
K = 0

.
1 , .

↑ ↑

species appearing prob . of observing
exactly+ times in i in the new sample
original sample

Bestimationof4?

#[ply]=
=

#Best-
=)()( Next



Example : if t=o and men ,
then

# of new species in the next n observations = N .
- Na + Ng--- -

locationmodel:Treedies fora b
ECTOly)

=a+ = - f((y)
-> EGT- yly -a)]

= Y+ logf+(y)

[Tweedie's formula

An estimator without knowledge of G : estimate the marginal distribution

Y (y) of y based on Y ..
:" Ye ,

then use F in place of fa

#modelingvs . g-modeling longoing topic

· All previous examples usemodeling
,

where we aim to estimate

the marginal distribution for based on Y:
" Ye

~ f-modeling is simple , yet could have a large variance

·delingestimatebasedparametrioaramt
a

(convex
,

but infinite dimensional)

-> then use I in place of G
.

~ some evidence that g-modeling gives better estimation performances .



#In practice :
choose hyperparameters

Moded : (X
.. Y . ) , ,

(X
, +1) PO for unknown O

Bayesian inference : assume a prior on O - (e. g .
the conjugate prior

Question :
how to choose the hyperparameter i ?

ED approach:=

argmax Jp((xii (0) #x(0) do

Cuse data to choose the hyperparameter !)


