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#sing data in exponential families
.

2X., Y .
)

,

"

,
(x1

. ye) " polx, y) = exp(< 0
.
T(x

. yx- A(8))h(x, y)

with (X1 ,

"

,
X. ) : unobserved variables (4. ,

" Yn) : observed variables

#tal :
Find the MLE for O

.

Icompleteloglikelihood log poly:)

= log (xpoX, y: ) dx

=Sid
-

=: Ay:
(a)

The conditional distribution po(X/Y : ) also belongs to an exponential

family, with log-partition function Ayi(d) => Ay;(0) is convex in O

Roly .. .., ye)= (Ay,
10) - AlD) is the difference of two convex

functions ,

which may not be concave in O !!

&our : a short introduction of convex duality

↳ (convex conjugate) The convex conjugate of a function f on R is

f
*
(t) =

may < tx)-f

*perties. 1) The maximizer x
*

= (f)
"

(H) = Jf
*

(t)
, for convex t

# differentiation gives t = xf(x
* ) => x

*
= Af)

"

It)
.

-f
*

(t) = > (m(tx)-fx
= (0+ (<t , x* - f(x) : x* argmax (t .x) - f(x)) = X

*



2) f
*

Lt) is convex in t

# Because f
*

Lt) is a maximum over linear functions of +

3) For convex f , f(x) = ma(Xt)-f
*
(t) (in other words

- f
**

=

# Definition of f
*

=> f
*

(t) + f(x) = <x
.
+> Xx ,+

=> f(x) > max(X,
+ ) - f

*

(t)
.

Property 1) => f
*

(t) = ( + , (f)(t)) = f(f)"(t)

=> f
*

(xf(x)) =(5f(x), x) - f(x)

=> f(x) = (yf(x) ,
x) - f

*

(jf(x)) =max(t, x) - f
*

(t)

#algorithm . Using convex duality ,

max loly
,

"

, ye) =

& -A(i) - A(x)

&

=nMl
e

#intuitions
:

1
. for fixed O

, f(0 , M . .
. .

., Mb is concave in (M..
. . .

. M- >

2. for fixed (M..
-

,M3 , fl&, M..
-" "

, Mab is concave in O

[ Warning : f(8 , M... -Me) is NOT "jointly" concave in 8 and (M,

"

. Mr)
!)

#ea. Successive maximization starting from some 07 : 0 -> M") -> &" -> M
*
- ---

1) E-step : fixplt) , find the maximizer with

ni+
+ )

= - Ay=
(0() = =

x - Py(ty(x(y: )
[T(X , Y : )] ("expectation" step)

2) M2-Step : fix utt) , find the maximizer OCtH)

- A (0'
+

3) =t ("maximization" step)



·data problem: M = - A(0)

13
. Iterate the above process .

-Example
:Gaussian mixturemodea

, j = 1
.
2

.
-" k

Y/x = j - NLM ,
1) , j1 .

2 ...., k
.

Unknown parameter : 8 = /T
, : Tir

, Mi ,
:" Mal

Unobserved variable : X ..
"

:, Xn

Observed variable : Y ... " Yo

- : pdf of N1o
,
1)

Estep: Given & = 01t)
,

understand Po(X 1y) : ↑

Po(X = j(y)==is

=> pl = Pot (X : = j(4:)=

#ep :
Pretend that Xiw Posts 1 - /Yi)

,
maximize the log-likelihood

#xi
- Pi. (y)[log 40(X:· Y: )]= 10g 40(X : = Joy : )

= (log --log

= P*
) log +j - E:-M*

+ Const
. ]



Carrying out the maximization over P = (T
..

-

: Tk
. M .

- - -

> Mr) gives

S:
FeralEM via evidence lower bound

Lef
.

For probability distributions P .
Q over X

,

the Kullback-Leibler

((77) divergence is

Pm(PIQ)=o, forSeeS
Th.DP for all to

D(n(P1(Q) = PK) logp()1-
= P(x)-q() = 1 - 1 = 0

Evidencelower board (ELBO)

log poly=[log
ELBO

Ef
logpaly)- ELBO = Ex-g1)[logya

= Ex-ac) [log ) = Da(q(> 11p0(x 1y) .

So logpoly> ELBO
,

with equality iff q(x) = Polxily")
.



GeneralEM :

max logpoly = max may Ex-qes[logI
· Fix & : the maximizer is q

*

(x") = Po(Xily'(

· Fix 9 : solve the maximization OHQ(019) : = Exi-q1, [log Po(X" . Y * ]
.

which is often tractable

Example1 : exponential family Po(X , y) = exp([e .
T(x

, y >> - A(d)) h(x , yS .

If q(xi) = Polt) (x
-

)y")
,

then

Q(0(q) : = Q(0)0() = Ex- Pow( . (y) [log Po(X" - y
= ]

= O
. Exi-poc ly,)[T(x=· y:)]) - nA(0) + const

S maximizing OHQ(010) requires

· evaluation of Exi-portly : > [T(Xi · Y: )] (E-steps
· solving the equation Exirpas(ly : >

[T(X: Y: )] = JAld'+)

(M- steps

Example2 : gradient descent

Q (010(4) = Ex-Pow( . (y) [log Po(X" . y >]

GD update for maximizing ONQ(01S :

& (++ )
= g(t) + -Ex- Pos - (y)[50 logp0(x" y 10 = 0x)]



&
&study : variational autoencoders (VAES

Target : given y ....... Ye (e .g . images) , find O Ce
. g. params of a deep net) s

.

t.

Y ( x ~ N(Mo(x) .
5(x])

·

with X--NCo ,
1)

Conce we learn O
,

we can generate new images by first sampling x-N1o
· Id]

and then drawing y)x-N(Mo(x1,(I)

MLE : max poly =

maxmaxIetrized by
-

another neural network of

Aim to perform SGD jointly over (0 . 4)

Idea of VAE : Ex-phys [log
=

- Dim(9p(x(y) /1 P0(x)) + Ex-cp(y) [log poly" x)]

· First term : as qp(x : /y: ) = NIMp(Y: )
· OPLy: )I) and Polxi) = N1o , IS

,

the KL divergence has an explicit form in 10
, %) ,

s easy to compute the gradient .

· Second term : Do : easy as Jologpoly(X) is quite simple ,
and

- Ex-qp( - (y) [log poly(x)]

=SPO for x = x-94(4)

&) p : 1) Approach E CREINFORCE) :

& Ex-902lys[f(x)] = Ex-26y[f(x)hi
=If(xe)plog2+ (Xe(y)



2) ApproachI Creparametrization) :

7) Ex-NMp(y).
ricysIs[f(x)] = JpEarNco

, 1)
[fIMply) + Up(y)9)]

= EarN1o
, 1) [fpf(M+ (y) + op(y)9)]

~ Xpf(mp(y)+ up(y)9r)

for, ..., [L-NIo, 17


