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· (Bi,", Pa) ERP

* 9
: regression coefficients

· written in matrix form : Oi = BT ,

#E
.

4 =

argmax ,
Po: (yi

=

argmax E(BT xi , T(y k - A/BTcli)
=

argua
Tr) Ty . P) - E

,

A(BTshi)
-- -

linear in B convex in B

Estimating equation (d =K : T(Yi): = AlTai)

The computation of MLE is a convex problem ,
thus efficient .

In R : model <-glm) yuX , family) ·

Examples. Linear regression .

pexp

~
i ~ N28 :. 1) = NIBTxi

.
K W

=> B = argrin E(Y :
- pTxi) = argmin PY-XPI,

=
. Logistic regression
- ↑

Yin Bern ! -di) = Bern / xi) ↑
- Px;

=> = argu LYilog x
+ (1- 4: ) log pix)

e

= argmax z ,
L YiBxi - log(1 + ePTXi



2. Probit model
--

Yi ~ Bern((0.) = Bern)@(BT xi))
.

whereI is the standard normal CDF :

#(t) = So e- ** &x
.

MLE : 3 =

argmax E (Y : log (PTxi) + (1- yi)(og(1- %(pTx))
Lemma. The above objective is concare in P .

If. For f(x) = log &(x) :

f'(x) =
, f"(x) = -Le

Gaussian Mills ratio :

1 - q(x) < +.
=> q(x) + 4(x) > 0

,
< => f(x) < 0

.

(See HW for an alternative proof)

In an exponentia family ,
there could be more than

one parametrizations such that the MLE computation
in the corresponding GLM is a convex problem·

=>Poisson regression .

Yi ~ Poi)e") = Poi) ePTxi)
=> B =

argmax E(T(Yi) P xi - A(BTxi)

=

argaax CYiBTx: -ePTxi

4. Multinomial logit regression----

Recall that 0 = /0
, .... Ok

T(Y) = (1(y = 1)
, 1(y = 2) ,.", 1(y = k)

ACO) = logle" +... + e*)



Model : 44Y : = j/)
+ + ex

MLE :

P =

argmax E .
)1(y :

=K BTx: + 1(y: = 2) Plx . + ...

+ 1(yi = k) B! x:
- log) * eBjxic)

= argmax B -Mlog(xi)

Note : the MLE is not unique .
as (B, ..... Pc) and

↓
, + c

, .... Pu + c) give the same objective .

So we can assume that P ,
= 0

.

Orderedlogit model (ordinal regression)
.

Suppose y; could take K values with ored relationship.

Model :

log = 4 + PT x : (j= 1
,
2,

or equivalently.
My := j) = +

Proportional odds assumption : the difference in the log-odds

loghis - log ite
is independent of X. More on this in Lecture 5

.

MLE : (2 , 3) =

argm ,L,
1 <y: =j) log4(y :=

=

argma ) I(y:.

log)- +)
where d

.
E0

,

Eto
.



Exercise (HW) : show that the log-likelihood is concave in

(x
- B) .

↓riance of MLE
.

In the sequal we assume that d=1 for simplicity ,

i
. e. BER

·

F
.O

. C
. for MLE : O= (T(Y: ) - A(TMLE)) ,

= (B) - A (ME)) ,

+
,
(T(Y) - APC)
--

Corli) = E ,
AkiTB)

Delta method (Taylor expansion) :

first term I [
,
A"(p), ) (B-BMLE)

Corp (ME) =) A"(p)(lict)

-Fisherinformation Gregular) class of probability distributions (P0) &GR,e

the Fisher information at 0 = 00 is defined as

I(8) = Eo
. [ - JologPo(y)/= 00]

Side note :
&

o.
(y) = Jolog Poly)10= 0

.

(scores

#o [Eo
.

(y)] = 0

Coro
.

(20
.
(y)] = I (00)



In GLM : ((x , 4) = 1940.
(Yi) = (T(y, ) x,

- A(BTxi))

+Const(x, y)

ep(x , y = plp(x, y)= x) x ,

has mean zero

T

EAXX

AsymptoticCramer-RaobondFlosis the"best" correct
Asymptotic efficiency of MLE

:
EULE asymptotically

achieves the Cramer-Rao bound .

-Bootstrap estimate for CorLULE) : same as Lecture 3
.

Inference in GLM.
-

->

Recall : analysis of variance (ANOVA) in linear regression

Problem : fit Y Pi Xi ++ PpXip + & ,
test

Ho : B ,
= Pc =... = Pp = 0 vs. H 1:

not Ho
.

Idec : fit two models
(F)1 e(F)

· full model : Y :
= Pixi +.. - + BpXi . p ,

obtain

1(F)

residual sum of squares RSStull = [ (Yi - Pixi. - ... -Bip)
(R)

· reduced model : Yi = BRXP + + PpXip Li
. e. pretending thatHo holds)

.

1(R)

Obtain RSS reduced
= [ (Yi - PPoHX :Pot-

... - Rip)



ANOVA table :

Model RSS degree of freedom F-statistic p-value

Full RSSfull
n- P

Reduced RSS reduced n- (p - po)

Difference RSS reduced - RSSfull Po RSSn-P

calculated

- from Fpo . n-P
=> LRSS

Intrition : if &RSS/40 is too large ,
then ignoring features (Xi : -

,
Xi

, po) incurs

a too large loss in RSS ,
and we should reject H

. (F-statistic will be larges

#M: analysis of deviance

Problem : same hypothesis testing ,
with linear regression replaced by GLM

Idea : again , fit two models :

Full model
: yw glaLX , family ,

obtain fitted log-likelihood R
full

Reduced model : yuglm)(XPot , "iXp) , family) ,
obtain reduced

Analysis of deviance table :

Model Exlog-likelihood degree of freedom p-value

Full 2 full n - P

Reduced 2 reduced n - (p - p . )

CosDifference 2(Pful - Ireduced) Po
care devic

e e

with
-

deviance in GLM !!
-
-

=

Justification : Wilks' Theorem states that under Ho
.

229full -Preduced) EXP as n -> 0
.



Compare with ANOVA table : in linear regression ,

can show

deviance = 2Cffull - Produced) = ARS ,

with
=

= Var(9
.

).

Statisticians use 2 full to estimate -
,

so the F-statisticis

RS/40 = Adriance a decine A = Froup aso e.

Po

Modelselection
.

Problem : fit a GLM yu glm/X , + X2+ + X; family) ,

but don't know where

to endLi. e . choose je41.
2 :.. P3). How to find the best j ?

Idea : for each jt(1, 2 ..... PY . fit a GLM and compute the fitted

dog-likelihood lj
Cnote that I

, =121 ... <Up ,

and model j has j parameters)

-IC (Akaike information criterion)

jAI2 = argmin &
j t 51

, 2 . p] AlC;

IC(Bayesian information criterion)
.

- BI
=S

-

argmin ,j E31 .
2

;

--

, p]

-
>Lasso (without the need of fitting pt models in advance)

Blasso = argmin -t E logP(Yi) + Al, ,

·is is typically chosen by cross validation
.



-Application: Density estimation via Lindsey's method

Given i
.
i .

d. Z, EnwP ,

aim to fit

p = Po = expl<0 ,
T(z)) - A(0))h(z)

· known : TC)
.

h/ . ) · unknown : &ERP
.

Problemwith MLE
: log-partition function A10) untractable (more in Le?6(

Lindsey'smethod
.

· Suppose Z &R
,

and E = Z
, UZzW ... W EK ,

with

Ok2
k

= [zx -

2 . 2x + -]
.

· For small Ok
,

P(z + Zk) = Jz
,

Po(z) de

= exp/40 ,
T(z, - A(a)4(z)NK =: Pr

· For YK = #32; - Zx]
,

then

[Y-"

, YK) ~ Multi (R ; (P,
--

. PK))
· Poisson trick : fit

Y Poi) e
(8 ,

T(z, + log(h(zk)0k) + 00
>

This isa Poisson GLM !

· Poisson conditioning property :

if y: "Poilxi) ,
then

CY,. YK)/ = n ~ Multiln ;( . . .

Therefore , (Yis" . Y)/ Y = n ~ MultiCh : (9,, : <<)
,

with

E-KRTER+logchiOkto 00
< expl< 0

, T(zx) >) h(zk) OK = PK . (
alternative

view)
in HW

· Think : What doesOo represent ?


