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Given :
. i . d. Yis" . YnwPoly) = expl > 0

, T(y) - Alos) h(y)
.

This lecture :

Parameter estimation
:
estimateO or functions of O

--

#ference : test Ho :
0 = 00 against Hi : 8 #00

#imumlikelihood estimator (MLE)

O =

argmax ,
Polyi)

= argmaxI log4oY
= arge 3) - na(0

concave is &

F
.

O
.

C : O = T() - JA() .
or

- A /8) = I T(yi)

As Mo : = Eo[T(y)) = JA)O)
,

the MLE On is chosen so that

the "true mean" matches the "sample mean"
.

( Estimating function view : ETHET(Y: ) - JA10)] = 0 (

· The MLE either admits a closed-form expression , or is the

solution to a convex optimization problem.

Example : Poisson family·
Recall that ymPOi(X) ,

O = logX ,
T(y) = Y ,

Al0) =
0

.

Therefore :

MLE for 0 :
con= Y : => O= logLt Yi)

EALE for 2 : Eaa Ti



#vianceof the MLE
.

1
.
(Exact) variance for Mo= JALE) :

-Al = Ti)

=> CorLA/E) = CorLt Hil)
① O

=> [oro (OA()) = ** A(0)

In reality we don't know 0
, so we typically use

Cove -A1) = **Ale

2. Approximate variance :
delta method

Question : Sixpose On = 0 and f() is differentiable at 0
.

H

How is VarIf(On)) related to Var(E) ?

Idea of delta method : suppose 18-01 = Op(re) with r -> 0
·

Then

f(i) = f(0) + f'(0) (8 - 0) + Op(k)

=> Var(f(On) = VarIf(O) + f'(0) (8.-03] + Opolri)
= f 10) . Var(En) + OpLrY)

So we have :

I-B delta method : VerLf(O)) = f'(2)2 Var)O)
O

if VarOn) is small



di x da
Similarly, for f : Ra -> Rd2 and Jf(0) = R defined as

↳ f(0) : j
= j ,

Kidd
, 18jEda

.

then

General delta method : Coro(f(On)) = 0 f(05Coro(E) -f(0)

if II Corp (8eII is small

3. Approximate variance for O : by delta method
.

↓ A10) = Corp(TA/On) = - 2A(k) . CoroL@) -
<

A/O)

=> Corp(8) = (74(0)" = +(*A(8)

4
.

Practical way for variance estimation : bootstrap

Central idea of bootstrap : in order to estimate O(P) ,
one

may use O(P) = O(P)
,

with 4 typically being the empirical distribution
.

In our case ,
PLP) = Variance of MLE based on Y1, . Ye ~ P

· if we knew P
,

we could resamplem times from P (say m = 1
, 000) :

(i)
1) draw y, y , -. Ye ~ P ,

2) compute the MLE E from Ly!
"

...., y) :

~ -
(m)3) compute the sample variance of 10.... ,

O
. 3

.

· however
,

we don't know P. Instead
,

We know P = unif (ly ,
:

, <3) ,

the empirical distribution of a samples.



· computation of OLP) :

(i)
13 draw y, y , . Ye ~ P

.

Li.e. s de from 34,;Yes with replacement);
2) compute the MLE Ei from Ly? ... i )

:

~ -
(m)3) compute the sample variance of 10.... ,

O
. 3

.

Some comments on bootstrap :

· bootstrap can be thought of as a general "plug-in" method :

· for example , if Core(TA(8) = = A10) for some tractable -2A(
,

then a simple plug-in method is to use th02A10) = G2A18n) :

· however
, if the computation ofJ2A)) is intractable

,
we can do :

a) nonparametric bootstrap : sample y..., y Wunif 3 Y,
"

, Yn] ;

Lis

b) parametric bootstrap : sample y, ... Y - PE-
LY) .

-

Example :
Fisher's 2x2 table

success failure

R. A. Fisher considered the W ↳treatment /
I /2 ri

conditional distribution of Xi T Tz

given the row& column sums
, Control X3 I4 ra/

i . e. (No Wi , a) :

π3 π4

[ Cz N

pl/N , K , c) d t !
T,"T* r N-4-c+

dra!E
OsL,

e

log olds :
O = log/IY) (0 = 0 : no treatment effect

e

log-partition function : A/0) = Log ! (2 ,- ! +!



The uldata is on the right .

success failure

treatment 9
21

Numerically one may evaluate :

· = 0
.

600 MControl + M 24
· A"(8) = 2

.
56 π3 π4

=> Var(8) = = 0
. 391

.

16 29 45

Question : how would you estimate Varl) via bootstrap ?

Inferenceof O. Ho : 0 = 00 vs. Hi .
O #0

.

1
. I-D inference (OER)

· Pearson residual :
,
TLymeN(A10), ,

Re-Al00M e

· Deviance :

D (0, , 02) = 2 Eo
,[log ]

= 2 (A(Q) -Al0, ) - (02-0. ) A(8 , ) o

Pf of second identity :

Eo
,[log] = Eo

. [ (0 ,
-02)T(y) - A(01) +A(0

= A/O2) - A 101) - (O2-0. ) A/01).



· deviance residual :

Ro =M: 00] sign)+
,
T(Yi) - #100)) im No , 1

Intuition :
DLOn ; 00) =2(A100) - AlE) - (00- E) A(8)

= A"(0. ) (On - 0. 3
-

= "To 22 with ZwN(o, 1)

· comparison of Pearson/deviance residuds : see HW
.

2. Multivariate inference (OERP)

· Wald test : Un(On-0
. ) > N10 ,

82A(8.)") under Ho
.

n->

Th Wald
= n <En- 0. ) "82A100) /8- - 00) m Xa

Rao's test (score test) :

In /JAl8n) - A10.)=- N10
,
-A /0.) under Ho

Th
. Score = n (JA(E) - 0 A(8)

"
PA 10!)"(OA/8)= >A/ .)

= n (+ET(y)- 0A10.1) " - 2Al0.

)" It
,
T(Y:

) - 0A(0d)
n->
--> x

Hoeffding's formula : deviance
DLO1 ; 02) = 2 (A) 02) - Al01) - (0-0,

JA)0 ,) (

IfO: is the MLE based on Cy ,
"

, Yo) ; then for every
0

,

nDLEn ; OX = Zlogt <Pf : in dsit



·Likelihood ratio test :

Th, LRT
= log t = nD(@ ; 00)>X undee

( known as Wilks' Theorem)

Intuition : aDLO = 00) = In (A10) - ALE-) - 10.-0. , Al)

~ n(00-8)+ PA18.) (0.- T

n->

= Tn
, Wald u> X

.

3. Generalization to Ho : Of O with dim (0) = = < d

ReplaceOo by 0
0. .

=

argmax t log40(Yi) heen

Th,Wald ,

Tr
, score

,

Th
. LRT
X*-s .


