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#Exponential family)
.

Let Y be the observation space. A class of probability distributions (P0)of O

is called an eponentialfamily iff

Poly) = exp [ < 0, T(y)> - Al0) h(y)
,

LOGQ
, yEY .

in... GetstarstiProduct· ACO) : log-partition function
· h(y) : base measure

Intuition of exp. . family :

Po(y) = exp)<0 , T(y) >) x function of 0 x function of Y

"O and y interact ONLY through <O , T(y)) in the exponent
"

Examplescaussian location family : yu N(M .

PrCys=*ex
Correspondence to exp. family :

0 = M

T(y) = Y

A(0) ==
h(y) = exp)-t



2. Gaussian location and scale family : y wN(M .
22

PM-
--(y)

= NEX i -logd

Correspondence to exp. family : 0 = (E2
,

- Tr)
T(y) = (y , y)

Alo) = i + logo =- - Elog(-2
W(y)=

Reparametrization may
be necessary for an exp. family

3. Bernoulli model : yw Bern (p) , PE [0 , 1]

p(y) = 34, = p7(y= (1-p))
- 1(y = 1)

1 - 1
= exp)1(y =1) . log + log(1- p)

Correspondence to exp. family : 0 = log E(-0
,

+ a)

T(y) = 1(y = 1

A(0) = - log(1- q) = log() + 24)

h(y) = 1
.

4. Poisson model : Ye Poild) 2 > 0

0 = logxt(-0
,

+ d)

PxLy)= E T(y) = Y
O

A(o) = X = e

-= exp)ylogx - x) h(y) =

y



5. Multinomial model : Ye <P, "

. Pub : P : 30 , P,
+ + Pr = )

.

P if y= I

Pa 1(y= k)

ply) = (:k = pf(y
= 1

pt(y = 3

. . .

= ear)Iran i die
= exp(0 , 1(y = 1) + ... + Ek1(y = K) ~ log(e*

+... + 20k)

Correspondence to exp. family : 0 = (01 ,., Ok)

T(y) = (1(y= 1)
, 1(y = 2) ,..., 1(y =K)

A10) = logle" +... + q
*

)

k(y) = 1
.

#ling idea behind exponential family.

·

y E Y : response variable
,

either discrete or continuous

· Poly) : a "base probability distribution" trying to fit CY1 ,

"

, Yo)

· Poly) : an "exponential tilting" of Poly) :

Poly) = expl <0 , T (y) > -Alo))h(y)

=> H = exp((0 , T(yx - A(0) + A(0)
= expl < 0

, T(y) > ) x function of Q

Poly)

↑. Poly tilting, I>
y > y



Exponential tilting maintains the support Y ,

but changes
the shape of the distribution.

· T(y) : the "quantity of interest" to be fit

T
, (y)= Y Ti(y)= Y

X X

Pm(y)
T2(y) = Y

2

X

/ innlysf
-> f-

-> f iPo >
y

E
>

y
>

y

data distribution

· ACO) : normalization factor

Y discrete :
Alo) = logyexp((0 , T(y))) h(y)

Y continuous : A10) = log Sy expl < 0
, T(y)) h(y) dy

· response with covariate : [Xisti)
,

-"

> 4Xn
, yed

modeling via exp . family : Yi~Po .
(i) with Di = BTs

-

this is called eneralized linear model" (more in Lec4)

(GLM)

Examples of GLM :

1 . Gaussian family : EIY(X] = BT x (linear regression)

&BernofliFarily :Los FBTx Logisticregressione



↑
Propertiesof exp . family

·

1. Mean
. No = EpoTTIY)

= TYPol T(x - A(0)u(y)

- Alo) = Polog (Eyexpl < 0
,T(y))) h(y)

Joexp (48 ,T(y)))h(y)
--

zy exp( < 0
, T(y)))h(y)

=EAlas TYeiPOTi
e

Fo[T(y)] = = A/O)

2. Covariance.

-A(0) = 6 (EA(0) = o egexpoThis e

==yexp((0
,T(y)y)

-exp30, Thyns e(
eyexp((0 ,T(y))h(y)

(5 = +(*)
&

2

* T(yT y
- Ala)h(y) - (EoT(y)(EoT(y)T

Poly)



Covp(T(y) = A/0)

Corollary : -2A10) 10
,

so A10) convex in 0.

Note :
the above corollary implies that

the correspondence Ot Mo = Eo[T(Y)] is one-to-one

Therefore , exp. families have two parametrizations:

parametrize by 0 : natural parametrization

parametrize by Mo : mean parametrization

3.

Repeatedsamplina wid Poly

=> Polyi"sY) = Polyi) Polye) ... Polyes
= expL20.TY: 33 - nAl0)k(y ,)d(y) ... hlye

LYI , -

. Yn) belongs to a new exponential family :

a(n) = nQ

ET(Y, "

, Ye)= T(Yi)

A(n)(0) ) = nA(D /n)

d Cy , .-, Y -) I
,
k(yi)

Note
: As &

,
T(Y) is the sufficient statistic , for

estimation/inference of 4 , one may discard (y ,,., Y =)

and only keep tE ,
T(Yi)



4. Conditioning.

If"Poly)30ca is an exp . family ,

then for Yo &Y
,

the conditional

probability distributions SPOLY /Yo))o is also an exp. family ·

5. Conjugate prior.

A natural priow associated with exp. family :

O ~ π3 , +
(b) = exp/(0 , 3) - + A(0) b(5 .

I)

Tilization factor
The

posteriordistributionoOgiveosis
marginal distribution of y

p(y) = Sp+3
,

+10) Po(y) dO

= ) exp(<0 , 3+T(y) - (t +1) A(0) h(y) b(5,
=)

=> expl<0 ,3 +T(y)) - (t+1)A(0)) b(3,
2)

= π + T(y)
,
t+
(b)

Under the conjugate prior ,
the posterior takes the same form

as the prior , with

(3, t) + (3 + T(y) ,
+ + 1)


