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Regression: given (X
., Y.

)
.

"

,
(Xn

. Y. ]
,

estimate f(x) = E[Y(X = x]

viouslectures : smoothness assumption on f (11flla = L or 11f
*

112 = 2) ;

several estimators (Nadaraya-Watson ,
local poly , splines ,

Fourier
,

Wavelet
,

etc. )
;

approximation theory plays a key role.

#hislacture
: Shape constraint on f (monotone

, convex .... )

#otonic regression : f(x) = f(x) as long as X,* X2 If increasing)

W
. 1

. o . g .
assume that X

, <x2 - - .. Xo
,

and

Y ; ~NIXi
,
] ,

i = 1
.

2 ... n
.

#ivation from MLE :
instead of estimating the entire function fo let's

estimate (f(x, ) , .
"

. f(x.3) first

Q: given estimates of 18 , , .... 8) of (f(x.) .
.... f(x.) ,

when do

they give wise to a monotone function FC

A very easy-just need 5
,
- ... On !

Juse piecewise constant/linear function to find f)

Thilaridea to splines : in smoothing spline ,
one also hypothetically :

1. fix the estimates (8...i ) for (f(xi), .... f(x)) :

2. construct the most smooth function F With F(xi)=i ,
i = 1

.
2 : ,

n

- F turns out to be a spline !

3. find (.......) to minimize -y:) + X . RE). (



&Resulting estimator :

(E......) is the solution to the following program :

min <i-Ei)2
St.-...

&omputation : a convex program withn variables & (n-1) constraints

-> interior point method solves it in timeCaW +*
)

,
where

w = 2
.
373 is the matrix multiplication exponent

The O(n2] exact algorithm used in many solvers : PANA !

-Adjacent Violators Algorithm (PAVAS :

Overall idea : split [1 . 2: :my into several consecutive blocks B.. - Bir
,

and inside block Bj . use the sample average

:=EjYK for all it Bj .

(call this common value vj afterwards)

1 .
Initialization : set men

,
and Bj = dj) for all j =1

,
2

. - m

(consequently Vi = Yj)

2. Iteration : if E adjacent blocks with vj > Vj+ c , (adjacent violators)

pick an arbitrary pair , (leftmost, rightmost ,
random .... )

merge these two blocks
.

(and update (Vj , Vj +) to a single

Go back to step 2
.

3. Stopping criterion : if VEVjH for all j=1 .

2: m-1
,

then

output the resulting (0.. .... En)
.



#illustration of PAVA :

Y x

·
· : first iteration-
- data points

· : second iteration

· : third iteration

Ifinal answer)

>
x

-orrectnessof PAVA
.

Karush-Kuhn-Tucker (KKTS condition :

Fororex f and g .. ."-, gr .

>* is the solution to E
min f(x)

s .t
. gi(x)[o ,

i = 1
.

2
, ... m

=> E (X , . ", >S such that the following holds :

(Stationarity) of(x*

) +*g(x) = 0

(primal feasibility) gi(x
*) 0

, i = I
. :- m

(dual feasibility) X* 30
,

i = 1
.

. .

,
m

(complementary slackness) ** g(x*) = 0
,

i= 1
.

:

= m

Application to PAVA : need to find ( *, .... En
,

X
.,

. ..

.
X

... ) Sit
.

↓ Y:- = X :
- Xi+.

Fizl, n $100
.

And

2. 8: Din
,

Fi = 1
.

. -

. n - 1

3. X : 30
,

Vi = 1 , --

,
n - 1

4. Xili -E ) = 0
.

Vi = 1
,

"

- n-1
.

High-level idea : PAVA maintains 1
.

3
. 4

.

and tries to arrive at 2
.



=oreal Pf
.

Initialization : Ei =

Yi ,
Xi = 0 (1 .

3
.
4 holds

Iteration : suppose we merge Bj & Bj+ 1 :

in..... is
-

Bj Bj + 1

Values of 18
.

X) before merging :

-

8 :
= Vj .

Lificia ;
Pi = VjH · indicis

.

↑1
= Xin -1

= Xi +
= 0 (complementary slackness)S X - Xi -1

= Yi - Vj ,
idixic

(stationarity)
Xi - Xi-1

= Yi - Vjt ,

in i< is

X : 30 (dual feasibility)

Updates of 18 · Xs after merging :

1
0 : = v EisI= Y-V) ,

li is

Verification of properties 1
.

3
.
4 :

1
. stationarity : for is Eic is

,

Xi - N = Y: -v = Yi -!

4. complementary slackness :

Xi 1 = Xi, =0

visS

3. dual feasibility :

We only merge blocks when Vj = VjH => Vj > V > Vj+

therefore :

:
_ (y-v) = Ri = 0

.

k= i+ 1

PAVA stops in En-literations => 2 holds in the and
,

so PAVA is correct !



#tisticalpropertyPowite ) = 0(n
- 43)

.

~onvex regression : f(x) = ETY) X = x] is convex

Estimator in I-D : (8,, .... En) is the solution to

min (Yi-8: )2

St
.Ei

(increasing derivatives

Statistical property :

El (5 - f(xi))"] = 0 (n
- "5)

.

High-dimension : interesting phenomena could happen
I see

,
e . g.,

"

optimality of maximum likelihood for log-concave density estimation

& bounded convex regression" by Gil Kur et cl
., 2019)



CourseRecep

1. Parametric models : find the right model & apply MLE

11 make MLE computationally efficient :

generalized linear model
, exponential family

(estimation , confidence interval (bootstrap) , testing ,

etc. )

1
. 2 adapt MLE to complicated scenarios :

empirical likelihood
, partial likelihood . EM algorithm

1. 3 MLE fails sometimes : empirical Bayes

2. Semiparametric models : deal with nuisance

2. I Full MLE : profile MLE (Cox model)

2. I Takenuisance as given : orthogonality
score

, efficient score , estimating function/equation . Neyman orthogonality

2) Example : causal inference

3. Nomparametric models : explicit bias-variance tradeoff

3. I locality : Kernel (Nadaraya-Watson .
KDE

,

... )

3. 2 function approximation :

time domain ( polynomials , splines .

... 3

transformed domain (Fourier
,

wavelets
.

-.. )

linear vs .
nonlinear (WLS . Ridge regression , projection , thresholding)

33. 3 MLE : isotonic/convex regression


