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&lecture
: for nonparametric regression ,

we may find basis functions

↑ P: (x)El such that f(x) Pi(0)
(choice of basis : polynomials , splines , -.)

#is lecture :
how about Orthonormal basis ?

(Stixdx =[, )

#aussiansequence model : throughout this lecture we assume that

X= . Y:
- N(f(Xi) , 03

.

Let(P:ki , be a complete orthonormal basis of L2to
.

15
,

i.
.

=
.

f(x)= 0: %:
(2)

.

where 0 :
= So f(x) P: () d .

(Pf :

(f): (2) di = J.04, (4) %:
(2) des

= 0 : 4)

#oestime(f) + roj)Do

= :(1) f(xj) + 50· (5) 55
This approx. error is

-
often negligible ; we

~ J! P: () f(x)dx + 50 . N10.nf P: (x)den)
do not consider it in

this lecture
.

= Oi + No, )



Therefore ,

instead of observing (X:
. Y :SE ,

we can equivalently assure that

we observe (2.. z2 ,
... ) s

.

t
.

ziNO,)
.

i = 1
.
2

,

-.

Remark : 13 Zis are lapprox.
) independent as

Cov(zi . zj) = Cor(t(x)YK. Pj(xx)yx)
=

G
~S ! P:P()de = 0 for itji

=) if we find an estimator 8 =/
·

E
,

- ..) for O
,

then we should

estimatef by

F(x)= P: () ,

and 117-fIle = So(f(z)-f(x))"des
= S: 1. (8 - 0: )0: (3)dis

-= 1(i =j)

= 118- Oll (Plancherel/Parseval identity)
(estimation of f > estimation of O

#voiceI of &PD1 : Fourier basis

Fourier basis of L [0. 1 :

↑ (2) = 1
. P2j - (x) = Eacos(2ijt) . P2j(x) = Esin(Zijt]

One can check StikY0 are indeed

#orthonormal
.



Here. 0: = S: f(x)Pi(x)dx : Fourier coefficients of f
7.= Yj P: (X

;
) : discrete Fourier transform of (y:)=,

#nationinSoberSpeci
: J. (f*(x1dx = (2)

fo

average notion of smoothness

#

theorem
.
ftH"(L) if and only if its Fourier coefficients (00

.

0..-)

satisfies
(2nj2* (82 1

+ 05) = 2

Intuition : smoothness in time domain E) tail in frequency domain

-
>stinator I : Fourier projection estimator

.

= Szi it ism

8 if is m

Analysis :
Ello-t12 =pE(zi-0i)2 +E 10-0: 72

= (m+1) O
=E
= Ol +m

Choosing m matt gives (m) ,
bias]

,
varis

EIF-fIl = #lle-cl :=0)n-)



EmatorII : optimal linear estimator (optional)

Set
Choose/C:So to solve the following min-max program :

min max

[ l:-O+E

#insker's Theorem
:

the above min-max program exhibits an explicit

solution
,

and the resulting estimator attains

(+ o (k) minimax risk
.

Problem with Fourier :

1) estimators become suboptimal for other Soboler balls

W
+
P(L) = (f(LP [0

. 1) : S : If**(x)/Pdx => LPY

for large p ,
or general Besor balls ;

2) estimators become suboptimal whenf has spatial inhomogeneity ;

3) any linear estimator suffers from the same problem .

Solution : wavelets !

CVoice It of Sti : Wavelets

↓
Definition :

Idea
: multiresolutional analysis



# wavelet basis consists of a father wavelet P(x) and a mother wavelet

↑ (*) on [0 .
1)

,
s .

t
. if

Vj = spa(Pjx(s) = 252p(2"x - k) : 0xk = 25 - 13

Wj = Span (4jk() = 254(2x- k) : 02k = 25 - 1)

then :

VONVWWW 1)

3)3jok : Ok = 25 -13 & 34jk : J jo ,
Ok = 25+ Y are orthonormal

.

&
at

-

Example of wavelets :

Earwavelets. P (x) = 1(x =[0
. 1])

↑[x) = 91 . if (Eto,t

- 1. if x It
,

1]

↳ : resolution parameter/post
kEP0

, 1, .., 25 -13 : spatial location (

*eyerwveletsAll monetshbut infinite supportin firedon
i

(most widely used wavelets)

#-Danbechies- Feaureen wavelet : used in JPEG 2000 standard
.



Estimation: wavelet thresholding

#and hard thresholding : Consider Gaussian sequence model

ziwN/8:, 02)
,

i = 1 , , m
.

Soft-thresholding estimator : E. = Mi (zi) = Sign (zi) · ((zil - +)+

Hard-thresholding estimator : 0 = MI (zi) = zi · 1 ((zik, + )

(choice of thresholds : t = ogm for soft ,
t =oog + logtogm for hard) Y=Ex

Fi
Intuition :

when z is small
,

think of O = O
;

whena is large , thinkorProperty (pf omitted) : thresholding estimators

are optimal when O has "sparse" structures -

# etthresholding : Choose jo-l . jirlogn , use wavelet transform to obtain

E~N . OKEke2
Wavelet thresholding estimator :

T =

"

,
5= (*) or) ,

L

and

estimate fbook Pio(x)+ 4 x
(inverse wavelet transform)

soft/hard inverse
Wavelet wavelet

Diagram : y
Inform,2resholding

,ttransform
, If



Invoiceof threshold +:

Option I : estimate noise level Go
,

use the theory prediction (VisuShrink)

Option It : use cross validation or unbiased risk estimate to choose +

( Sure Shrink and others)

&roperties : 1) optimal in all Soboler and Besor classes ;

2) adaptive to smoothness and local inhomogeneity of 5 :

(non-linearity of estimator plays a key role here >

3) easy to implement using fast wavelet transforms .

Why wavelet thresholding (optional) ?

1)Why wavelets ? -> representation power of wavelets

Wavelet
is

aconditional
basis for Soboler or Besor norll

1) %: ll = C 114 : /l

& Fourier basis does not satisfy this property)

2) why thresholding ? -> idea of "shrinkage"
Similar to the James-Stein estimator

, thresholding introduces a small

bins to significantly reduce the variance

CHW8 : mimic the performance of the "ideal truncation estimator"

ITE = zi · 1(/0i1 > 8) S


