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&a lecture
: density estimation :

KDE
, k-NN

regression : Nadaraya-Watson

#thislecture : combine with linear regression !

-capof worparametric regression : given (X1
, Y.

)
,

" -, (Xn
. Y. )

,

estimate

f(x) = E[Y (X = x]

&lecture
: if Ifxi/EL ,

for suitable Kernel K & optimal bandwidth h
.

the Nadarcya-Watson estimator &NW achieves

MSELfNW(X)) = E[CINW(X0) - f(x .))2) = O(n
-
)

Question .

What happens if If((X)/ - L for some K = 2 ?

#Naturalestimator
: F(x)=xi] Y :

weight of data point Xi for the new point Xo

We want : &1) W(Xo
, Xi) = 1 (weights sum to 13

2) (Xo - X:w(xo, xi) = 0
.

e = 1 .
2

, , k - 1

Canalogy to JxK(x)dx = 0 in KDE
,

with k =2)) o waoxi) = o if Ko-X1Ch >bandwidth

4) Elw(Xo-
X: )) =C

,
max (w(Xo.

X :)) ->
Iin

2 think of W(Xo
·

X: ) =kn(xo- X :)=KL)

Implication : EW(Xo-
x

: ) p(x:) = p(Xo) ·

V polynomial p with deg(p) <K-1
.

# Write p(x) = ap- (X - X
-
)k"

+-

+ a
, )x - Xo) + a

=> w(XoXi)p(x) = 0 +oo

Take X = Xo => Go = p(Xo) E



&stinator analysis (assuming1f( [x> / = L
. Varly : 1: ) = 0]

Var(f(x)) = rW(Xo ·
X :)=WKXis) =Oli

/Bias(f(Xo))) = 1 w(xo
·

x :
) f(xi) - f(xo))

=mig(p =k+
1 w(xo

,
X : )(f(x:) - p(x : )) - (f(x)- P(x-())

=inwx ( f(x) - p(x))
X : /X-X./Cok

max 1 f(x) - p(x))

-=C
for [xo - Ch

.
xo + 2)

Choosing p(x) = f(xo) + f'(X>X-Xo) + --+ (x - x)" - 1

& Taylor approx . polynomial)
=> (Bias(f(xos)/=2.

"

= OCh
h = he = n -+

MSE(f(x)) = Bias(f(x))
2

+ Var(f(x)) = 0(h24 + +) * O(n-

Q : How to construct the weights w/Xo, Xis ?

A : Local polynomial regression !

-polynomial regression.

Given Kernel K(.) and bandwidth h00
:

18,-pr) = argain t Y:
-00 - 0, X :

- ...-x)" kn(xo - xi)
100... Okril

Then estimate f(x) by F(xo) = 8 + Exo +... + E-X:



data points
Special cases : ↓

K = 1 : reduce to Nadavaya-Watson :

·(x)=
+ 2 : local lime regme
-putationof 8 = 180 , " Ex-1)

: weighted linear regression

F. O .C wrt Oj :

-kn(Xo-X
, )

Define : X = [ [ ... I f(x
Kn(Xo - Xe]

=> Matrix form : XTDXE = XTDy ,
or

: = (xTDx)
+

XTDy (D = I : OLS)

-Verificationof moment conditions

= (x) = [1x .. . x+]T5 = [1x - . - x](XTDX)"XTDy
=> [W(xo .

x
.) ... w(xo

.
x-)] = [1 xo .. . x:+](XTBXS"XTD

Therefore , for p(x) = a. + a
,
x + -.. + a X

*
= [1x ... x

* +

][aoa ... a
, - 1]T

,

Ew(xo·xi)p(xi) = [w(xo-
Xi) - - w(xo

-
x-3))ph]

- Ikp(x)

= (x -x)x]
= do + a

, Xo +... + ap-X = p(X) ,
as desired

.



differentestimation procedure : splines

↓etc :
a degree-d spline with knots toct, cate is a function S

[to
, ta] -> R such that :

1) S is a deg-d polynomial on [tir ,
ti]

.

Vil ..
"

- m ;

2) SEC
#+ is (d-1)-times continuously differentiable

(i . e
.

the first (d-1) derivatives match at the midpoints)

Example : d= 1 : piecewise linear

d= 2 (quadratic spline) : ↳
Property :

the basis functions for degree-d splines at knots to < tic -- to

are

31, ,... t
0

.
W .

(Verification via degree-of-freedom :

# parameters = m (d+1)

# constraints = (m-1) d
= # basis functions = m(d+1) - (m+ ) d

S= m + d
.

Regressionsplines

Given Knots (to
.
" tu)

,

model the regression functionof as a degree -d

spline at the given knots :

f(x) = a + a
,
x + -- + aax + b

, (x -ti + --- + buy(x- tap



tocompute (80 -
:

,
ad

.

b, "

,
bu-1) :

0 = 100 ..... ap .

I 14 :
- folxi))" => An OLS with feature restormin

b, . . ., br-1) (1 , Xi
,

=

, X
, (xi - t,&

,

" (X: -tri
for i-th observation

&

Sketch of analysis
.

Use everly spaced knots to= i = 0
.

1
, : m

Bias : if If(4(x))EL , for d = k there is a spline for s .

t
.

If(x)-fo(x)) = 0lm-
*

) for all x => Bias = O(m-k(

Variance : there are med unknowns in the OLS => Variance =O()

MSE = Bias + Variance = 0(m-2 +E)0/n
m = mu = nat

*nothing splines (Sto ,

-

- +e] = Sx
,

. . . , xe])

Cubic smoothing spline with regularization &TO :

F = arguin (4i -f(x))" + x) ! +"(x3dx
↓

Penalty on the smoothness of f.

#heren
.

I is a cubic spline with Knots &x .. .... X . ]
.

#Coptionals .
Suffice to show that /natural) Cubic splinef minimizes

J(f) = S'f"(xidx s .
t

. f(x) = Ei
,
Fil, -. n.

Leto be any function w/ g(xi) = zi ,
and h = g-f. Then

52g) - J(f) = 2S ! f "(x)h"(x)dx + j(h) = - 2S! f(x)h'(x)dx + J(h)
(Integration by parts)

= h

. .
[

f(xi) = g(xi) = Zi

f(xi+ )=g(xi+)= zi+1



~ overparametrized as n+z > r

&oreputation .

Let (f, (x)
, "futh(X)] be the basis functions of cubic

splines with Knots &X, ..: X
- ] ·

then

f(x) = G
, f,

(x) + ... + En
+ z fr+ (x)

.

Matrix rotation :

X = [fj(xi)] = R
* i

+, W = [Wij = Sfifjdx] - Ri+xn+h

Then =

arguin 1Y-XO2 # XTWO = (x
+

X + xw)"XTy

(Ridge regression)

Performance
. If If"(xs) * L

, for suitably chosen R
.

115-fll2 = 0(n-#5) [pf omitted)

Otional: Multivariate adaptive regression spline (MARS)

(See J
.

H
.

Friedman
,

"Multivariate Adaptive Regression Splines" ,
AoS 1991)

Question : how to choose the knots ? can we do it adaptively ?
Idea of MARS : F(x)= 0 B; (x)

1) J changes over time

2) forward pass : recursively , using a greedy algorithm , find

2. IS a data point it 31 ..... n) ;

2. 2) an existing basis function jeSl," , JJ ;

2. is a dimension ke (1.

-..

. d)

update j - J +. Bi(x) + (Bi(x)(x* -x+ ,
Bi(x)(x

*
- x))

-
]

(x+
= max(x

,
0)

,

X
=

= max)-x
, 0])

3) backward pass : prunes the model to prevent overfitting


