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#onparametricmodel : ~Po ·
0 : infinite-dimensional , typically a function

& typically written as yupf)

Canonical examples :

&egression : given (X.. % .
) , -

,
(X

. Y. ) ~Pxy ,
estimate

↑ the regression function

f(x) : = E[Y(X = x]

#Hensityestimation: given X
.,

....X. f with an unknown density f
estimate f

Other examples : in causal inference ,

interested in
:

- causal function : c(x) = Cor(Y , WIX = x1)

- conditional/heterogeneous ATE (CATE) :

i (x) = E[Y /W= 1
,

X =x] - ETY /W = 0
,

X = x]

Features ofnomparametric models :

- model size> sample size : assumptions are necessary to prevent

overfitting (typically smoothness or shapes

MLE not well-defined/non-unige/hadto find

- explicit bics-variance tradeoff ! which is reasonable ?



parametricregression

#simple binning estimator

Assumption : X, , .... X
. =[0 . 1] nonrandom (fixed design)

Target : given Xo[0, 1] ,
estimate f(x)= [Y(X= Xo]

(x0.
Yo i

bandwidth
* simple estimator :

(x4
, +? · (x2Yz]

parameter n()L (x
, y, S I x5 . Ye

· (x3
. Y3]

- X-- Xo- h Xo Xoth

(h
+> 0 : overfit to the closest data point ;

h-> 00 : underfit to the sample average of y
(

Analysis :
assume that f is L-Lipschitz - i. e. If(x)/ = LFx

(or equivalently .
If(x) - f(y)) =((x-y) (x

, y )
also

,
assure that VarLYIX = X) [02 for all X

Vanceof Fr(xo) :

varixan
a

xi-xolch]
If PLi] are everly spaced in [0 . 1] ,

then Var(Fu(o) = OC)



↓ics of Fulxo) :

/Bias(fu(x o> 3) = /ET Enixo)] - f(x))

f - f(x) (E) = fixe

-

-giate
Lh

.

mean-squarederror (MSE)

MSELfr(x) = E(En(xo) - f(x))"

=Bia(TVarEs

Optional choice of h : h = he = (13

Bias-varianceDi



-eneralization: Nadaraya - Watson estimator

#erhel : a (non-negative) function K : RP-R s
.

t
. SudK(x)dx = 1

.

EscaledKernel
: for 100

,
let Kn(x)=ki

Examples : rectangle/box Kernel :
K(X) = 1(IIXII0=*]

Gaussian Kernel : K(x) =(
%2

exp) - =(1 x /(2)

Property : SidK(x]dx = Sad Kr(hz) hodz = SpdK(z)de = 1
.

Who
.

~ernel-regression estimator/Nadarcya-Watson estimator

Faxo=
· previous estimator corresponds to K being the box kernel ;

· an equivalent expression of Fu(Xo) is

Fr(x.)= Wi(X)Y: ·

With Wixo=
being the "weight" of X: for Xo .

#y sis. Assume that : 13 1 K(x))- B for all xi

2) KIX=o for all (xKM
.

VariFaxo)[-xi)
=

constant



->kn(x.
- xi) = 0 ifin = L(Xi - Xo)

↳ 1x - xi)3hM

MSE(fu(xo = x((2M2l"+ Old
optimal bandwidth h= han-id

Capturing higher smoothness of f : next lecture (local polynomials/splines)

&
Densityestimation : estimate f from X

.. ..., Xo ~f .

Kernels are still useful : let K be a kernel with Spaxk(x)dx = 0
.

#ernel density estimator (KDE) :

Fr(x)= Kn(xo - X: )

· Intuition : when K is the box kernel
,

Fulx .
#: Xi lies in the

boxcentered
at Xo of edgelength, e

~
hd

= f(x

Alysis : assume that IIf"lla = L
. Jx2k(x)dx · JK*

(x)dx0
·

and d = 1
.



Varifn(Xo)) = Var(kn(xo - X: )

= [K(Xo-X : <]

=he Sk)** ) do

= n Sk(z)dz (x = = x - hz]

1 Bics(fu(x))) = /ET Kn(x .

- X
, )] - f(x))

=I(f(x)dx - f(x))
convolution of f and Kn

= (St k(=** )(f(x) - f(x))dx)(fkn(x)dx =1)

= 1St k)*
*

)(f(x) - f(x) - f'(x . )(x- xo))dx)
1 Sk( ***((X.

- x)dx = h .Jzk(z)dz = 0)

= Sk(* ) . E(Xo-x3dx

= JEk(z)dz (x = xo - hz)

MSE (fu(x .x = O (l2k*
+ it) 0 (n- "5)

optimal bandwidth h = hn = n

- 15



View Nadaraya-Watson as KDE :

-ELYIX = x)=Ysay
=
*rest-neighbor density estimator

Define Vi = //Xi-Xollz as the distance between X: and Xo

For K = 1
.
2

,
". n

.

let rus be the K-th smallest element of (r.. .... (n)

2k-th nearest neighbor)

Fr(x)=ru=i
volume of dim ball

of radius ULLY

Intuition : f(x) - Vold (rs]

= Si(Xo
; Vrs)f(x)dX * · X(k+)

Xo
= actual prob. of XtB(Xo ; UCKs) !

~ empirical prob. of XB(X ; Eck 3 B(Xo ; V(k))
=

&
Rigorous claim : SBK;ra) f(x)dx ~Betalk

,
n - kH)

# LHS = k-th smallest element of 92 :
= JB(X0

; /X:
-xoll2]f(x)dX

where P(Z ;
= +) = P (1IX:

- Xollz = g
+
(t) (g(r) : = Seco

:
nf(x)dx)

= g(g"(t) = + => zin Unific . 1] &



#alysis (Optional) Assume that If"llo = L & c = f(x) = 2 for all xE supp(f) .

#I
. /JB(xo

:
ref(x> dx- f(x). Vold(ren)

= IS
Bixo : rc

(f(x) - f(xox)dx)
= (SB(xo

; (c)
[f(x) - f(xo) - f(x)(x- xo)]dx)

=> JB(Xo
:
ra] /IX-Xolkdx=Vold(s)

I. ElSBo :
ref(x)dx- Fr(Xo) · Vold(ras))2

= El Betalk
,

n+ - 1) -E = 0(t)

&It
.

Since f(x) = / everywhere ,

↓ SBIX
; Wan

f(x)dx = Vold(Wcks)

=>=> Vold(ren) =t r="

O(risVold(rs)

&clusion
.
f(x) Voldra) = Sixoirst(x)dx

OCT)k(X0) · Vold(ren)

=> MSE(f(x) = 0 ) ri+ut
=O((+

(matching the KDE result for d = 1)


