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Probability : mathematical model of random outcomes

& Gaussian
.

Poisson
,

Markor chains
. Brownion motion .... )

Statistics : given random outcomes
, infer the underlying model

> statistical modeling , parameter estimation
. testing , confidence interval

, regression ,

... )

=ntwal question for this course : given data x ...... Xn ,

1
.

How to find a mathematical model of Po such that (x
., ..., xn) ~Po ?

2. How should we infer the unknown parameter O ?

Three classes of models we'll cover
:

---

Parametric :
OER

&
finite-dimensional , typically with a linear structure

Seriparametric : O = (T, 1) .
T : parameter of interest

7 : nuisance parameter

Nonparametric : O=f is parametrized by a function

#incomplete)list of topics we'll cover :



Limit theorems in probability
-

surprising fact (origins of probability theory) : sums of independent , identically

distributed (i. i. d.) RVs have sal behavior
.

wof largenumbers >N X] exists
,

the

E = +EX :
-> EX as n -> c (in probability & almost surely)

Central limit theorem (CLT)
--

For iid X,

-

,
Xe with EXFM ,

WeLX) = of

-> standard normal distribution
z. =

M As N10
. K as n

↑

converges
in distribution

, meaning that

P) z
-

< t) -> P(N10
. 1) <t) for every +ER

.

Damethoddifferentiable & WelXe-M) & z ~ No . 1. Theen

5/g(X)) - g(M) A g'(m) . 2 ~N 10. g'(M))

#Taylorexpansion

g(X) = g(v) + g'(n)(Xn- M) + 0((X--MD)

=>K(g(X1 - g(M) = g'() . /X-M) + /X-N)
- -

d
-> Z # O

-> g'(n) z
.

&

ple . g(x)= x
· g(m) = 2 m

=> vi(X-m2) Is No , 4m2r) .



=ample of how probability is applied to statistics
:

Suppose we're watching the US
open ,

where a player is on
1

serve 100 times
.

and wins 80 of them
.

Statistical model : the wins/losses are independent ,
with an unknown win rate p

LLN :##Wins -> P as n -> 0
.

Since n = 100 is large enough , 4 = 0
.
8 is a reasonable estimate of p .

-CLT : Fp)#wins - pa) & N1o , 1) as n - c

=> the estimation error$-p = N10,
0 . 042) ,

so a 95% confidence interval

for p is pt[P-2. 0 . 04
, 4 + 2. 0 . 04] = [0 .72

,

0 .86]

XEstimation : given X
,
... Po with a known distribution family 81> Po

but an unknown parameter O
,

the target of estimation is to find O
.

#proach I : estimating equation

Suppose one can find functions F
.,

F2. ---

. Ep s i

t
.

EX2Po[FLO , X] = 0 j = 1
,

... , P .

Then a reasonable estimator O is defined as the solution to

EFrFoxi
Analysis : D By LLN

.

o =4
,
Fj(Q , xi) = Ex-po[Fj(@ ,

X)]

=> O
.
= 0 Li . e

.

"

consistency")
② CLT can also be used to establish the asymptotic normality

of KLE-0)



Example : X, X-
d

N(M,
22) with unknown (m..)

them En . p
[X - M) = 0

Enr[X- N - - = 0

=
F(X

, (n-0 ) = X - m

F2lX , [M , 84) = X-M2 -
*

The estimator (M . 2) solves

E , (Xi - ) = 0

&, (Xi - n-82) = 0

=>

- x

#PoachI : MLE (maximum likelihood estimator)

LetLikelihoods ... Xo have joint pdf folX, .
Xa) (or pmf Polx,

. . .

The elihood function is

La 10) = foLX, -".. x
.

) (pdf viewed as function of 03

The slidalihoodfurationis
a

2
-
10) = log folx .

- x.

#E
:
E =

argmax L
. 10) =

arguax
l.

-Example /contd) : fror (X,
---X- = T

,
Trexpl-

-

=>Clm . " = - (Xi - M)" - Elog(2πt

F
.

O
. C .. ( => ( ***

- **

( more or both topics in future lectures)



Resting : given X, --

, Xn ~Po ,
We'd like to test between

Ho :
O E D WS. Hi :

O E ⑰
, (4.

14
,

= f)

(mull) (alternative)

Rest : a function & -> (H . Hi)
/

- -
tset of outcomes accep reject Ho

Ho

↑

Test Probability
Truth

He Hi
Truth ↑Loutput Ho) IP (output His

Ho Correct
Type I error

Ho 1- d 2
(prob. of type I error

,

(false positive) or (significance) level)

H
,

Type II error

Correct H
, B 1 - B

(false negative) <prob. of type I errors (power of the test)

&Indamentaltradeoff between types of error

all other tests
Bx f

making smaller type I error

~=> setting higher bar for rejecting Ho

=> larger type I error
(R

=

tests
> 4

Simplehypothesis testing :
Ho: E = 00 vs. H

i.
0 = 0

,

*Ima-Pearson Lemma
:

the likelihood ratio test is optina
-

↑

outpat [Ho
if

Xu Ho)
-

P(X ,
---

, X- Hi)

H . if <



-mpositehypothesis testing :
/001 ad/or 10, >

Unfortunately, no complete picture here. So statisticians have made :

& compromise I : focus only on significance level

② compromise I : focus only on asymptotic tests (n-> c)

Idea : find a function FLO , XS s
.

t. FLO . X) (asymptotically) follows a

known distribution P for every 0 EQ
.

(e.g . by CLT) =

given a significant level a. find A st . P(A) = 1 - c ,

level - d test : reject Ho :
O = 00 if F100

,
X) & A

(1-2)-confidence interval for 0 : C = 30 :
Fl0

,
X) =A)

.

&ple. Given XwB(n
. p) .

then ILT gives

up & N. K as n

level -

a test for Ho : P = Po : reject Ho iffI ) - z

(1-2) - confidence interval for p : 2 = Sp : /1 => Eck] .

#Value : every test can be equivalently represented by a p-value + [0 . 1) .

and rejectsHo iff p-vale = <

(p-value contains more information than yes/no answers)

eneralizedlikelihood ratio test
:

LR=oGros
likelihood function

sthm : under mild conditions
.

-[logLR
A *& under Ho

with d = dim/O
. UQ , ) -dim(Q)



Regression Cone of the great ideas in statistics)

1 : prediction /Given independent/explanatory/predictor variables X...... Xp-1 ,

predict dependent/response/outcome variable y (

CP : feature dimension ; we use p- as there's an additional intercept term)

Ed: least-squares : argmin E /Y: -(Pot Pixi + ... PpXipse

Much moregeneralthaitappearsby dettransformation with x
.

then

for each data point Xi we can define
Eisi Xi .

Eiz = XY , . Zi
. d = x.

Then

Y Eanx" = do+ ak

E Suppose y E Coe
,

then by defining vi = log yo

Yi F CeXi = Wi ElogCo + CX:

So (xi. Wi) has a linear relationship Wi = B .
+ P , xi ,

with

Po = log Co. Bi = C
.

Station :

x =

!

: i↑
IT I ERP , -= eR

least squares solution :

min E (Yi-(B+ B , xi+ + Bp+Xip)" -> Miply -X
Bo ,

---

, Pp- 1



Trem. The minimizer is

* = /XX) XT y ,

provided that XTX-RPP is invertible (requiring no p

Fatisticalanalysis

Statistical modeling : y = XP + c
, E[2] = 0. Corle) = In

Then : E[B] = B

· Cor(B) = 0/XX)
·

↳
O #[HXBK2 = = (motivatingtherestinao o

( · o A, No . 1 aso .

-

estimated variance of j

#
.

= y - XP = y - X(B + (X
+ x) " x

+ e)

= y - XB - X (XYx) XT e

= /I - X (XX) X+) e
.

-
call it P

Note that P is a projection matrix : PT = P .
P2 = P

,
since

PT = [X(XTX) Xi) " = x (X X) x = P

P = x(* T
. x(X x) x

+
= x(XT x) " x

+
= P

.

= Ep

C=Fe-2P +R2FF2PtP=FrTLIN-PNe
= LIP)e

=> EINEK) = Tr/Corle) <I-P)) = * Tr(I-P)
M

(E[zTAz] = Tr(Cor(z)A))

Since Tr/ID) = n
check Tr(AB) = TrIBA) !

Tr(P) = Tr(X(xTx)" x) # Tr(X+ x(x+
x) +) = Tr[p) = p

=> Tr(Ie-P) = Tr(In) - Tr(P) = n - P

=> #[112] = (n -p) :2 . E


